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1 Introduction

Starting with some conjectures of Leibniz and Euler, followed by the works of other famous
mathematicians, including Laplace, Fourier, Abel, Liouville and Riemann, fractional calculus
which allows us to consider integration and differentiation of any order has been applied to
various branches of science and engineering, such as control systems [1], physics [2], electrical
engineering [3], viscoelastic mechanics [4], signal processing [5], bioengineering [6] and so on.

From the definition of Caputo fractional derivative, the memory effect or non-local property of
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Caputo fractional derivative is represented by a convolution integral with power-law memory
kernel, which makes Caputo fractional differential equations an excellent tool in complex sys-
tems, which is one of the main advantages of Caputo fractional differential equation (nonlocal)
compared with classical (local) model [7,8].

In recent years, Caputo fractional differential equations have become more and more im-
portant in theory and application, which has attracted great attention of researchers. Many
authors pay attention to the Caputo fractional differential equations, such as the existence and
uniqueness of solutions [9-13], the continuous dependence of solutions on initial values [14, 15],
dynamic behavior [16-21] and so on. Very recently, there are a few researchers pay attention
to the continuity of solutions on fractional order of Caputo fractional differential equations. For
example, Dang, Nane, Nguyen and Tuan studied the continuity of the solutions with respect to
the fractional parameters as well as the initial value of a class of equations including the Abel
equations of the first and second kind, and time fractional diffusion type equations [22]. Tuan,
O’Regan and Ngoc studied the continuity of the solution of both the initial problem and the
inverse initial value problems with respect to the fractional order [23]. Binh, Hoang, Baleanu
and Van considered a problem of continuity fractional-order for pseudo-parabolic equations with
the fractional derivative of Caputo [24]. Note that these papers do not study the relationship
between the solutions of integer order differential equations and fractional ones. In practice,
many problems of time fractional equations depend on fractional parameters, that is, fractional
orders. However, these fractional parameters are unknown in the modeling processes. Therefore,
the continuity of solutions on these parameters is very important for modeling. Moreover, if this
continuity is not tenable, numerical calculations are not allowed. On the other hand, from the
definition of Caputo fractional derivative, it can be seen that the differentiability on time of the
solutions for Caputo fractional differential equations is a basic and necessary property. There-
fore, the existence and differentiability on time of solutions are two basic and key problems in
the qualitative theory of Caputo fractional differential equations.

In this work, motivated by the above consideration, we are eager to study the existence,
differentiability on time and continuity on fractional order of solutions for the following linear

Caputo fractional evolution equations

CDea(t) = Ax(t) + F(t), 0 <t <T, 1)
x(0) = xo, '
as well as the semilinear Caputo fractional evolution equations
CDfx(t) = Az(t) + F(t,x(t), 0 <t <T, (12)
x(0) = xo, '

in a Banach space X, where “D$, 0 < a < 1, is the regularized Caputo fractional derivative

of order «, A is a bounded linear operator on X, T" € (0,+00) is a constant and x( is given
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belonging to a subset of X. Under appropriate assumptions, the existence and differentiability
on time of solutions for (1.1) and (1.2) are analyzed, the continuity of solutions on fractional
order for (1.1) and (1.2) are discussed. Furthermore, if the fractional order o converges to 1,
the solutions of (1.1) and (1.2) become the solutions of their corresponding classical linear and
semilinear evolution equations. Numerical studies are performed to explore the continuity of
solutions on fractional order for some fractional systems, which show reasonable agreement with
the theoretic results.

The rest of this paper is organized as follows. In Section 2, we review some symbols, defini-
tions, lemmas and preliminary facts. In Section 3, we analyze the existence and differentiability
on time of solutions for (1.1) and (1.2). In Section 4, we discuss the continuity of solutions on
fractional order for (1.1). We firstly study the continuity of solutions on fractional order « for
0 < a < 1, and then the continuity of solutions as &« — 17. In Section 5, the corresponding
semilinear equations (1.2) are studied. Then, we give some examples and their numerical studies
in Section 6 to illustrate our theoretical results. Last but not least, some conclusions are drawn

in Section 7.

2 Preliminaries

This section is concerned with some notations, definitions, lemmas and preliminary facts
which are used in what follows.

From now on, Z*, R, R™ and C stand for the set of positive integral numbers, real numbers,
positive real numbers and complex numbers respectively. Let (X, || - ||) be a Banach space. For
p € [1,+00) and set I = [0,T] for some T € (0, 4+00), we denote by LP(I, X) the Bochner space

of all equivalence classes of strongly measurable functions = : I — X, such that

lellze = ( / ux<t>updt)’l’ <o,

Denote by C(I,X) the Banach space of all continuous functions from I to X with the norm
[]loo := max{jz(¢)]| : ¢ € I},

and C™(I,X) (n € Z*) the set of all n order continuous differentiable functions from I to X.
Let also LL(X) be the Banach space of all bounded linear operators from X into itself endowed
with the norm

IT(leix) = sup{l|Tz]| : = € X, [l]| =1},

and write ||T'[|1(x) as [|T|| for every T' € L(X) when it has no loss of the clarity.
Firstly, we recall some basic definitions and results on Riemann-Liouville fractional integral,

Riemann-Liouville fractional derivative and Caputo fractional derivative.
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Definition 2.1. [7, 8, 21, 27] The Riemann-Liouville fractional integral of order o > 0 with

lower limit zero for a continuous function g : RT™ — X is defined as

I2g(t) = 1) /0 (t— 52 g(s)ds, t >0,

()

where I} denotes the Riemann-Liouville fractional integral of order cv, T'(+) is the Euler’s Gamma

function and I'(a + 1) = al'(«a).

Definition 2.2. [7, 8, 21, 27] The Riemann-Liowville fractional derivative of order o > 0 with

lower limit zero for a function g € C"tY(RT, X) is defined as

1 a"

RL na
D - - %
rg(t) I'(n—«) dt®

¢

/ (t—s)""*tg(s)ds, t >0,
0

where BE DY denotes the Riemann-Liowville fractional derivative of order c.

Definition 2.3. [7,8, 21, 27] The Caputo fractional derivative of order o > 0 with lower limit
zero for a function g € C"TY(RT, X) is defined as

1 t
C na _ n—a—1_(n)
D¥g(t) = ——— t— ds, t >0
tg( ) F(Tl—Oé)/O ( 8) g (S) S, > U,
where € DY denotes the Caputo fractional derivative of order c.

Lemma 2.1. [7,8,21,27] If g(t) € C"(R*,X) andn— 1 < o < n € Z*, then
(1) Dral] = o) - £ g9,
(2) RLDg(Ieg(1)] = o(¢),
(3) FED2g(t) = CD2g(t) + Y s g (0).

Lemma 2.2. [7,8,21,27] Let a, 3 € RT. Then for all f € L*(R*, X) and ¥t > 0,
I F(6) = PP £ (1),

To deal with fractional differential equations, we need the following special functions and
generalization of Gronwall’s inequality.

Denote by F, g the generalized Mittag-Leffler special function defined by

00 k a—B A

z 1 A Pe

Eai®) = D ok ) ~ omi [ Jean ap>ozec
- T

1/

where T is a contour which starts and ends at —oo and encircles the disc || < |z]|"/“ counter-

clockwise. For short, set Eq(z) := Ey1(2).



Lemma 2.3. [26] Suppose a > 0, k(t) is a nonnegative function locally integrable on 0 <t < T
(some T < 4o0), and g(t) is a nonnegative, nondecreasing continuous function defined on
0 <t<T,glt) <M = Const, and suppose f(t) is nonnegative and locally integrable on
0<t<T with t

£ < k() +9(0) [ (0= 9 (s)ds.
Then

n

i W(t _ 3)"°‘1k(s)] ds, 0<t<T.
n=1

t
0

F(t) < k() + /

Lemma 2.4. [26] Under the hypothesis of Lemma 2.3, let k(t) be a nondecreasing function on
0<t<T. Then
ft) < k() Ealg(®)T ()], 0 <t <T.

3 Existence and differentiability on time of solutions

In this section, we study the existence and differentiability on time of solutions for the

following linear Caputo fractional evolution equations

CDgx(t) = Ax(t) + F(t), 0<t < T, (3.1)
z(0) = xo, .
as well as the semilinear Caputo fractional evolution equations
CDgx(t) = Ax(t) + F(t,z(t)), 0 <t <T, (32)
z(0) = xo, '

in a Banach space X, where “D$, 0 < a < 1, is the regularized Caputo fractional derivative
of order «, A is a bounded linear operator on X, T" € (0,+00) is a constant and x¢ is given
belonging to a subset of X.

Firstly, we give two useful lemmas.

Lemma 3.1. If x : [0,T7] — X is a continuously differentiable function, z(t) € D(A) for
t € [0,T]. Then z(t) is a solution to (3.1) if and only if
I o1 I o1
x(t) = zo + I’(oz)/o (t—s)*" " Ax(s)ds + IM/O (t—s)*""F(s)ds, 0<t<T. (3.3)

Proof. The sufficiency of (3.3).

For ¢t = 0, one has x(t) = ¢, thus (3.1) holds.

For 0 < t < T, applying the Riemann-Liouville fractional derivative #- D¢ on both sides of
(3.3) and using properties of the fractional derivative (See Lemma 2.1 (2)), we have
4o

RL na
D L —
pa(t) xOF(l—a)

+ Az(t) + F(t).

5



Considering 0 < o < 1 and using the relationship between the Caputo fractional derivative and

the Riemann-Liouville fractional derivative (See Lemma 2.1 (3)), one can easily obtain

—

Thus, we get
“Dx(t) = Az(t) + F(t), 0 <t < T,

which implies (3.1) holds.
The necessity of (3.3).
Note that 0 < a < 1, 1 —a > 0. Applying I}~ to (3.1), we have

I9CD8x(t) = I® Ax(t) + ICF(t).
According to Definition 2.3, one has

I7CDRa(t) = 1[I}~ [Dix(b)]].
By using Lemma 2.2, we have

IF°Dfa(t) = [P (1} [Di(t)] = I [Dy(t)).

Then .
199D (t) = IND}a(t)] = /0 ' (s)ds = z(t) — z(0).
So
=I[}Ax > :Lt—sa_lxssit—sa_lss
o) = 2(0) = I Aa(t) + I F() = s [ (=9 ao)ds + s [ (=9 P(s)as,

which implies

=z 1 t —5)* 1 Ax(s)ds 1 t —5)* LF(s)ds
() = a0+ 5 [ (=9 Aa(o)ds + s [ (=9 F(s)as,

i.e. (3.3) holds.

A similar argument enables us to give the following lemma.

Lemma 3.2. If x : [0,T] — X is a continuously differentiable function, z(t) € D(A) for
t € [0,T]. Then z(t) is a solution to the equation (3.2) if and only if

=z L t — ) L Ax(s)ds L t — ) (s, 2(s))ds
x(t)—o—l—r(a)/o(t ) A()d+r(a)/0(t V1B (s,0(s))ds, 0<t <T. (34)



Proof. By a similar argument with Lemma 3.1, one can prove this lemma.

Then, we consider the following Volterra equations

I o
(1) = w0 + r(a)/o (t— $)*LF(s, 2(s))ds, 0 <t <T, (3.5)

where 0 < a < 1, g € X and F(s,v):[0,T] x X — X.
We have the following result.

Lemma 3.3. If F(t,x) is continuous with respect to t on [0,T] and Lipschitz continuous with

respect to x, namely, there exists a positive constant L such that
||F(t¢$) - F(tay)H < LHI’ - y”) vVt € [OﬂTL T,y € X.
Then there exists a unique solution x(t) for (3.5), moreover x(t) € C([0,T], X).

Proof. Denote

t
Ga(t) = 20 + I‘(loz) /0 (t — 5)° " F (s, 2(s))ds.

Firstly, we show that if z(¢) € C([0,T], X), then Gz(t) € C([0,T], X), i.e,
G:O([0,T], X) = C([0, T, X).
In fact

I(c)
Then for any t1,t2 € [0,T]

|Gz (t1) — Ga(t2)||

t t
Gzx(t) = zo + /0 (t — ) F(s,2(s))ds = zo + F(la) /0 sOLR(t — s, 2(t — 5))ds.

_ HF(la) /Otl SE( — 5, 2( — 5))ds — F(la) /: SOUF(ty — 5,0ty — 5))ds

< Hf‘(loz) /Ot1 s R(t; — s, 2(t] — 5))ds — I‘(la) /0t1 s LR (t; — 5, x(ty — 5))ds

t t (36)
H ! / 1 amlp(t (ta — s))ds ! / 1 s F(ty — 5, x(ty — 5))ds
+ == S 1— S5 2l2 — - 2~ 5, Tll2 —
L(a) Jo L'(a) Jo
e [ Pt = siatta = nas - s [ B = stz - )
+ / s F(ty — s, x(ta — s))ds — / ST F(ty — s, x(ta — s))ds
L'(a) Jo L'(a) Jo
=w1 + wg + w3.
For wy, we have
L " ot ey — ) — alta - 9)]
wlg/ s z(ty — s) — x(teg — s)||ds
(@) Jo
L sy (laty =) 2tz — 9} [ 5o
<—— sup {||lz(t;1 —s) —z(ts — s / s*ds 3.7
['(a) s€[0,t1] 0 (3.7)

L
=———— sup {||z(t1 —s) — x(ta — s)||}T°.
Moy 2 (e =)~ = )1}



Note that z(t) € C([0,T], X), then

sup {||z(t1 — s) —z(ta — s)||} — 0 as t; — to,
s€[0,t1]

which implies w; — 0.

For ws, we have

mg&géhﬂ*wm—&dw—m—F®—&ﬂw—mws

L— F(t1 — to — — F(to — to — Te.
ST 55, (1 ~olte =) = Fla —oalia =)

Note that F'(¢,z) is continuous with respect to ¢t on [0,7]. Then

sup {||F(t1 — s,z(ta — s)) — F(ta — s,z(ta — 5))||} — 0 as t1 — ta,
s€[0,t1]

which implies wy — 0.
For w3, we have

b
o)

I
s = H/ Pty — 5,2ty — 5))ds|| = —— 0" B(ts — 0, 2(ts — 0)) [t1 — o],
F(CY) to

where min{¢;, to} < 6 < max{t;,to}. When t; — ta, w3 — 0.

Then when t; — to,

”G&U(tl) — G.T(tg)” < w4+ wo + w3 — 0,
which implies Gz(t) € C([0,T], X).
Secondly, we show that for n > 1,

16" — G, < <i)

== T(na+1) 1“7

When n =1,
t

— Gu :L — ) F(s,u(s 5—L t — )2 F(s,v(s))ds
60 Gl = s [ =9 FGssutonas = i [ (0= 9 Fsn(oa

o

L /t a-1 Llu—vly [* a-1
<—— [ (t—9)" "|Ju—v|yds < °°/ (t—s)* "ds (3.9)
F(Oé) 0 F(Oé) 0
_L||u—v||ooﬁ< Lt

T@) o ST+l

o -
Assume that for k < n, we already have

o=t = iy

o S Tlha 1) 1%~ Voo
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Then for k=n+1,

HGn-i-lu o Gn+1UH

_ |1 ' —$)* L F(s,GMu(s s—L t — 5)*LF(s,G™v(s))ds
ey [ r s - g [ aroa]

L t a—1 n _ n,U s s L ¢ s a—1 (Lsa)nHu_v”oo s
< | =T IE ) = Gl s < s [ o

L lu =l [ 1 L u—vl ! 1
<= 07 "l t—g)¥ gy = — '~ "l© t — st)* H"td
—r(a)r(na+1)/0 (b= )™ s™ds r(a)r(na+1)/0 (b= st)™ (st) ™ tds

t(n+1)aLn+1 ||U o UH 1 ol e t(n—i—l)aLn—f—l Hu . UH
= &S (1 — S) S dS —
MNa)'(na+1) 0 MNa)'(na+1)

t(n—l—l)chn—l—l

B CES A

< B(a,na+ 1)

o0 !

this implies for n > 1,

(Lt*)"
n _ GTL < N _ .
6" = G0l < gy I = vl
So when t € [0, 7]
n n (LT)"
_ < N7 7 _ .
16" = G0l < gy I = vl
Note that
Lty
lim ( ) =0.

n—oo ['(na 4 1)

Then there exist N € Z*, when n > N,
mn mn 1
G = Gl < & ol

By Banach fixed point theorem, there exists a unique function z(t) € C([0,7T], X) such that
Gz = x, i.e., there exists a unique solution of (3.5) on the interval [0, 7).

From Lemma 3.3, we have the following results.

Lemma 3.4. Let A € L(X) be a closed operator and F(t) € C([0,T],X). Then (3.3) exists a
unique solution x(t), moreover x(t) € C([0,T],X).

Proof. Set F(t,z) = Az + F(t). Then F(t,z) is continuous with respect to ¢ on [0, 7], and
IF(t,z) = F(t,p)| < |Allllx —yll, Vt€[0,T], z,y€X.
By Lemma 3.3, there exists a unique solution z(t) € C([0,77], X) for
I ) I )
x(t) = zo + / (t—s)* " Ax(s)ds + / (t—s)*"F(s)ds, 0<t<T,
I'(a) Jo (@) Jo
which implies (3.3) exists a unique solution z(t) € C([0,7], X).
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Lemma 3.5. Let A € L(X) be a closed operator, F(t,xz) is continuous with respect to t on [0,T]

and Lipschitz continuous with respect to x, namely, there exists a positive constant L such that
|1F(t,x) = F(t,y)| < Lllz —yll, vt€0,T], x,yeX.
Then (3.4) exists a unique solution x(t), moreover x(t) € C([0,T],X).

Proof. Set F(t,z) = Az + F(t,z). Then F(t,z) continuous with respect to ¢ on [0, 7], and
|E(t ) = Fty)ll < (JAI+ L) & = yll, vt €[0,T], 2.y€X.

By Lemma 3.3, there exists a unique solution z(t) € C([0,7], X) for

=z L t — ) Ax(s)ds L t — ) F(s,2(s))ds
o) =20+ o [ (0= 9 Aa(o)ds 4 s [ 0= 9 Falsas 00 < T,

which implies that (3.4) exists a unique solution z(¢), moreover z(t) € C([0,T7], X).

In the following, we proof the existence and differentiability on time of solutions for (3.1).

Theorem 3.1. Let A € L(X) be a closed operator and F(t) € C*([0,T], X). Then (3.1) exists
a unique solution x(t), moreover x(t) € C*([0,T], X).

Proof. Firstly, we show that (3.3) exists a unique solution z(t) € C1([0,T7], X).
By Lemma 3.4, integral equation (3.3) exists a unique solution z(t) € C([0,7], X), such that

1

=20+ —— t —5)* L Ax(s)ds L t —5)* 1 F(s)ds
o) = a0+ gy [ (0= 9" a(e)ds+ s [ (0= 9 (s

Note that z(t) € C([0,T], X), which allow applying the Riemann-Liouville fractional derivative
RL D on both sides. Then we get

t—Oé

RL na
Diz(t) =2g——=
r(t) xOF(l — )

+ Az(t) + F(t),

which implies #Dgz(t) € X exists for any 0 < a < 1. Then consider #XD}~*Ax(t). Since

A e L(X) and A is a closed operator, we get

% (5 [ 0= 9271 0()) =" DI Ax(t) = A2 DI *a(0) € X.

On the other hand,

Lt_sa_1ss:a _ o ity _ e
r(a)/o(t )* 1 F(s)ds = IfF(t) = IM(I}F'(t) — F(0)) = I} TP F'(t)

ta

I'a+1) F(0).

Then we get
ta—l

i (5 [ €9 F ) = 2P - LoFO € X
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So

-2 ey oo ) 4y f o)

ta_l
F(Oé) F(O)a

= A("FD; (1) + IPF (1) ~

which implies (3.3) exists a unique solution x(t) € C1([0,T], X).
Since A € L(X), D(A) = X. Then by Lemma 3.1, (3.1) also exists a unique solution
z(t) € CH([0,T], X).

In order to study (3.2), we need the following lemma.

Lemma 3.6. Let A € L(X) be a closed operator and F(t,\) : [0,T] x R — X. If F(t,\) is
continuous with respect to t on [0,T] and X on [a,b] C R. Then for any X € [a,b] and z¢ € X,
there exists a unique solution x(t, A\, zo) € C([0,T],X) for the following integral equations

=x L t —5)* L Ax(s)ds L t —8)* L F(s, Nax(s)ds
x(t)—o—i—r(a)/o(t ) A()d+r(a)/0(t Jo~L R (s, Nar(s)ds, 0<t<T. (3.10)

Moreover, x(t, A, xo) is continuous with respect to A € [a,b] and zy € X.

Proof. Fixing A € [a,b] and 2 € X, set F(t,z) = Az + F(t, \)x. Then

Hﬁ<t,x1>—ﬁ<t,az2>)]<(HAH+ sup \F(t,w) o1 = @] = L a1 = s,
(t,A\)€[0,T] x[a,b]

where

L=Al+ sup  [IF(A)].
(tA)E[0,T] x[a,b]

By Lemma 3.3, (3.10) exists a unique solution z(¢, A\, z9) € C([0,7], X). Then

1 t i~
llz(t, A, x0,1) — z(t, N)xo2| =01 + / (t—s)* 1F(s, A, z(s, A, xo,1))ds
['(a) Jo

1 /f =
—202— =— [ (t—5)"""F(s,\ z(s, A, z0,2))ds]|
F(a) 0
L t 1
<llzoq — 2ozl + / (t—s)* M lz(s, N\, o.1) — (s, A, wo,2)|) -
F(Oé) 0
By Lemma 2.4, we get
|2(t, A, w0,1) — 2(t, A, 202)[| < |01 — zo2|| Ea(LtY) < [|x01 — w02l Ea(LTY).

Thus
||$(t, /\,1‘071) — .CC(t, )\, :C&g)” — 0, as o1 — 0,2,

which implies z(t, A\, zg) is continuous with respect to zp € X.
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On the other hand
Hl'(t, )\17 .’E(]) - .’If(t, /\27 .'IJO)”

_ L ! _Soz—INS (s T S_L ¢ _Sa—1~8 (s . s
_HF(OL)/O(t ) F( ’)\1’ ( ’>\1’ 0))d F(Oé)/o(t ) F( a)‘Q)a ( a)\Qv 0))d

H t — 5)* L F(s, A\)z(s, A\, mg)ds — F(loc) /Ot(t — 5)* L F(s, M) x(s, Ao, 20)ds

1

H/o (t —s)* ' F(s, A)x(s, Az, wo)ds — F(a)/Ot(t—S)O‘_lF(S’)Q)SU(Sa)\%xo)dS

-|-Hr(a)/Ot(t—s)o‘_le(t,)\l,xo)ds—l@/ot(t—s)a_lAw(t,Ag,xo)ds

L t 1 MlMQ(Al — )\2) t 1
<— —s)® — o\
_F(a)/o(t $)7 ||z (t, A1, o) — z(t, Ao, o) || ds + T'(a) /O(t $)* " ds

L

t
_ Mqt®
F(Oé) /0( 5) HJ}( ) l,xO) .f( ; 27$0)H 5+ ar(a)

where

Ma(A1 — X2),

M1 = sup x(t,)\g,l‘o), Mg = sup HF(t, )\1) — F(t, )\Q)H .
t€[0,7T] te[0,T

By Lemma 2.4, we get
Myt® M T™

al(a) Eo(L1t*)Ma(A — Xo) < M

l(t, A1, 20) — 2(t, Ao, z0)|| < Eo(LT*)Ma(Ay — o).

Thus
H:L’(t, )\1,560) — x(t, )\2,330)” — 0, as A1 = Ao,

which implies z(t, A\, zg) is continuous with respect to A € R.

In the following, we give and proof the existence and differentiability on time of solutions
for (3.2).

Theorem 3.2. Let A € L(X) be a closed operator, and for the function F(t,x), %—f and ‘3—1;
exist, moreover %—l: e C([0,T],X) and ?Tl; € C(]0,T],X). Then the equations (3.2) exist a

unique solution x(t), moreover z(t) € C1([0,T], X).

Proof. Similar to the proof of Theorem 3.1, we should prove (3.4) exists a unique solution
z(t) € Cl([o T], X).
Since 2 9L exist, by Lemma 3.5, (3.4) exists a unique solution z(t) € C([0,71], X), such that

o) = a0+ s [ (0= (s + g [ (=9 P (s,
Rewrite z(t), we get
x(t) = o + F(la) /0 sV Ax(t — s)ds + F(la) /0 s“IF(t — s, x(t — s))ds.

12



For h € R\{0},

xz(t+h) —z(t)

h
t+h
= / s Ax(t + h — s)ds
0

C(a)h
1 t+h
+F<0‘)h/ SRt + h—s,z(t+h—s))ds —
0
=W+ wa.
Then
1 t+h
w1 “Tla)h / s* YAz(t + h — s)ds
0
1 t
:F(a)h / s* YAz(t + h — s)ds
0

1 /t+h

al t+h*S)

Az(t — s)

1

— tso‘_l x(t — s)ds
F(a)h/o Ax(t = s)d

1 tso‘_l —s,z(t—s))ds
fagi | = sl = )

- a=1 Aot —
( )h/o s x(t — s)ds

1

— tsafl x(t — s)ds
F(a)h/o Az(t — s)d

LAzt + h — s)ds

thh
ds + F(a)h/t s T Ax(t+h — s)ds

;f} )
Sy

5ot z(s+h)—x(s
A
(=

( )> ds + ri(t, h),

where
1 t+h L
| — .
(t,h) F(a)h/t s z(t+h—s)ds, h#0
Since
1 t+h 1 ta_l
li =1 a1 A — = A
hlg(l)rl(t, h) lim F(a)h/t s z(t+h —s)ds (o) x(t)
Define
ta_l

then r1(t, h) is continuous with respect to h.

13



For wy, we have

1 t+h §O— 1 o a—1 _
w2 _F(a)h/o Ft+h—s,z(t+h—s))ds — ( )h/ F(t—s,z(t—s))ds
_F((l)z)h/o s TRt 4+ h—s,2(t+h—s))d / s Rt — s, 2(t — 5))ds
1 t+h
+F(a)h/t so‘_lF(t+h—s,x(t+h—s))ds
= (1)h/t°‘1F(t+h—s:c(t+h—s / sIR(t+h — s, 2(t — s5))ds
1

h/ IR — s, a(t — ))ds—F(a)h/O SRt — s, 2(t — $))ds + ra(t, h)

=T : h/o (t—s)* N (F(s+h,2(s + h)) — F(s + h,2(s)))ds

(@)
1 ! a—1
+P(a)h/0 (t— )" (F(s + hyx(s)) — F(s,2(s)))ds + ra(t, h)
1 ¢ a_1;OF (s + h,z(s)) z(s+h) —x(s)
_F(a)/o (t—s) 1[ 5 + 73(s, h)] Y ds
+F(1a)/0 (t—s)a_l[aF(sé’):(s)) +7a(s, h)|ds + ra(t, h),
where . h .
rQ(t’h):F(oz)h/t s "F(t+h—s,z(t+h—s))ds, h#0,
TS(S’h) _ {F(s+h,x$(?:—f}zg:f(%—i—h,x(s)) - 8F(s-5i;,x(s)) $(S + h) v :L‘(S)
0 x(s+h) = x(s),
_ F(s+h,z(s)) — F(s,z(s)) OF(s,x(s))
7“4(8,h) = h - ot , h#£0.
Then
}lli_r%rg(s,h) =0, }lli_r>r(1)r4(s, h) =0,
and
t+h
}LIE)%T’Q(t h) = ilzl—%f‘ h/ s“UE(t+ h—s,2(t +h—s))ds
h
_}lg% F((l)z)h/o (t+8)* 'F(h —s,2(h —s))ds
L h F(0,2(0)))d
=Jim o [ (9 (= 0= ) = F(O.2(0)ds
T N *~1F(0,2(0))d
+hl—>0F( )h/0 (t+s) (0,2(0))ds.
Moreover
h T a—1 T
lim 1“(;)h /0 (t-+ ) F(0,2(0))ds = Jim E (Oga)(}?))(;(thh) Lyt ?EZ) )
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and

H ! /h (t+ ) F(h — 5,2(h — 5)) — F(0,2(0)))ds
L(a)h Jo ’ ’
< 1 /h (t+ ) M| F(h —s,z(h—s)) — F(0,2(0))| ds
“T(a)h Jo 7 ’
< sup [|F(Lz(1)) — F(0 x<om1/h (t+ 5)* \ds
_ze[o%} 7 7 L(a)h Jo '
When h — 0,
1 h a1 ta—l B .
F(oz)h/o (t+s)" ds — Ty’ IESE)%] |EF(l,z(1)) — F(0,2(0))| — 0.
Then ,
lim FaTh /0 ((t+5)* 'F(h —s,2(h — s)) — F(0,2(0)))ds = 0.
We get
) tafl
}lllg%)rg(t, h) = mF(O,zo).
Define ot
ro(t,0) = ;(OOF(o,xo), ro(s,0) = ra(s, 0) = 0.
Then ro(t, h), rs(s,h) and r4(s,h) are continuous with respect to h.
Thus
x(t+h) —x(t)
h
=ry(t, h) + ra(t, h) + F(la) /0 (t—s)*'A (x(s + h})l - m(s)) ds
t (3.11)
1 a1,0F(s+ h,z(s)) z(s+h) —x(s)
e [ G o
Lo e @Flsas)
e =9 S s mas.
Define (1 h) 0
r(t+h)—x(t
Y(t, h) = -,

For fix tg € [0, 77, set

Falto. ) = ra(t0 1) + sl 1) + 1 | RTEC [‘W s, h)] as € X,

OF (t + h, (1))

F(th) = ( Ox

+T3(87h))'
By (3.11), we get

W(to, h) =To(to, h) + F(la) /0 "(to — )" L Au(s, h)ds
1

— ! —5)*  F(s s s
e [ o= P s s

(3.12)
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By Lemma 3.6, there exists a unique solution v (¢, h, Zo(tg, h)) € C([0,T], X) for integral equa-

tions

o(t) —E)}E(to,h)JrF(la) /0 (t — ) Av(s)ds

o ] (3.13)
4 r(a)/o (t— ) B(s, h)o(s)ds, 0< ¢ <T.

Moreover, v(t, h, To(tg, h)) is continuous with respect to h and 7y € X.

Combining (3.12) and (3.13), we get
Y(to, h) = v(to, h, Zo(to, h))-
Then we get
2 (to) = lim ¢ (tg, h) = lim v(to, h, To(to, h)) = v(to, 0, Zo(to,0)).
h—0 h—0

Since A € L(X), D(A) = X. Combining Lemma 3.2, (3.4) exists a unique solution z(t),
moreover z(t) € C1([0,T], X).

4 Continuity of solution on fractional order for linear equations

In this section, we consider the continuity of solutions on fractional order for linear Caputo

fractional evolution equations, i.e., as a — 3, the relationship of solutions between

CDga(t) = Ax(t) + F(t), 0 <t < T, (4.1)

z(0) = xo, |
and

CDPx(t) = Ax(t) + F(t), 0 <t <T, (4.2)

x(0) = xo. |

Before giving the main results of this section, we give and proof a lemma, which plays a key

role in the proofs of our main results of this section and the next section.

Lemma 4.1. Let « >0, >0 and 0 <t < T for some T € (0,+00). When a — [3,
e(a, B) := /t [1(15 R L(t - s)ﬁ_l] ds — 0.
’ o [I'(a) I'(B)
Proof. As a > 0, 8 > 0, then

IS V) FUURN I 6 DRV S DAY g
| [F<a)(t A VA ]d (Na)a“ "t )> =0
1 1
“T(a+1) TB+1) ’
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When o — g,
1 1
— t? =0,
MNa+1) rB+1)

which, together with 0 <t < T, implies

SRR G B
A{nm“ A N R

In the following, we state and proof our main results.
Theorem 4.1. Let A € L(X) be a closed operator, F(t) € C1([0,T], X) satisfying
|E()| < Cq,Vt €[0,T].
Then the solution of (4.1) converges to the solution of (4.2) as « — [ for 0 < a, f < 1.

Proof. From Theorem 3.1, it follows that (4.1) as well as (4.2) has a unique solution, and

the solutions have the forms

t 1 t
za(t) = x0 + 1/ (t—5)* T Azy(s)ds + / (t—s)*1F(s)ds, 0 <t <T,
0 0

) (@)
and
=z Lt—s"‘_lzztssLt—sﬁ_lss
ro(t) = 20+ g5 | (6= 9" s + o [ (0= 9 (s 04 < T

As A € L(X) being a closed operator, then there exists a constant C such that

|Az|| < Cy, Vo € CH([0,T], X).

L t —8)* YAz (s 5—L t — 5)F T Axg(s)ds
i [ = A (as = s [ =9 (o)

i : — ) 1lp(s 3—L t — )P 1F(s)ds
+ﬂNaA@ P Peas = s [ (-9

L t — 8)* YAz, (s) — Azs(s)||ds t b —50‘71—L — )81 Axg(s)| ds
<ty 9 (o) = Avs(oilas + [ | te= 90 = e 97 et a
M t — ) Yz (s) = z5(s)||ds ti —safl—L —s5)f ! xg(s)||ds
<l [ o) - es(ollas+ [ st (t= 5 | Jazs(s)a

I'(3)
+/0 [F(a) ( ) L'(B) ( ) } 1)l

17



1

1AL [* - 1 o _
< /O(t—s) luxa(s)—:Eg(s)Hds—l—Cl/O [F(a)(t—s) l—m(t_s)ﬂ 1] ds

“T(a)
+02/0t [F(la)(ts)a—l o )(t—s)ﬂ 1} ds

_H t — ) Y — xz5(s)||ds t L —s) o (t—s) | ds
LA L ealo) — sl + 10+ o [ [ -9t = - 97

DAl
—w/o (t = £)*Vaa(s) — 2a(s)llds + e1 (e B).

From Lemma 4.1, it follows that
lim €1 (a, 5) = 0.

a—f
Then, for any £ > 0, there exists § > 0 such that for 0 < |5 — a| < §, we have 0 < e1(av, 8) < €,

which imply
141 —5)7 |z (s) — z5(s)||ds +
o) — a0 < L2 [ (6= ) Na(s) — mato) s+

as 0 < |8 —a] <.

From Lemma 2.3, it follows that

lza(t) - z5(0)] §5+6/ [Z A", na—l] ds.

Noted that

I IAI e gy oSS AI [ e L
/0 Lz::l F(na)(t ) ]d Snz::lf(noz)/o (t ds Z

- Z A" g agee) <

I'(na+1)

tnOé

which implies

[z (t) = zp(t)]] = 0,

as € = 0 (o — (). This completes the proof.
Moreover, we find a relationship of solutions between the linear Caputo fractional evolution

equations and the classic linear evolution equations, i.e., as &« — 17, the relationship of solutions

between
“Dpx(t) = Ax(t) + F(t), 0 <t <T, (4.3)
z(0) = o, |
and
2 (t) = Az(t) + F(t), 0 <t < T, (4.4)
z(0) = xo. |

18



Firstly, we give some Lemmas.

Consider the following first order differential equations

{wf(t) =F(t,z(t), 0<t<T, (4.5)

Lemma 4.2. ( [28]) z(t) € C*([0,T], X) is a solution of (4.5) if and only if z(t) € C([0,T], X)

is a solution of the following nonlinear Volterra integral equations
t
x(t) = x0 +/ F(s,z(s))ds, 0 <t <T. (4.6)
0

Lemma 4.3. ( [28]) If F(t,x) is continuous with respect to t on [0,T] and Lipschitz continuous

with respect to x, namely, there exists a positive constant L such that
|F(t,z) = F(t,y)| < Lllx —yll, Vt€[0,T], z,yeX.
Then (4.6) has a unique solution x(t), moreover z(t) € C([0,T], X).

Lemma 4.4. Let A € L(X) be a closed operator and F(t) € C([0,T],X). Then (4.4) is

equivalent to the following integral equations
x(t) = xo + /Ot Az(s)ds + /Ot F(s)ds, 0<t<T. (4.7)
Moreover (4.4) erists a unique solution x(t), moreover x(t) € C*([0,T], X).
Proof. Let F(t,z) = Az + f(t). Since A € L(X), thus
IE(t,z) = F(t,p)| < |Alllz - yl, Vt€[0,T], ,y€X.

Note that A is a closed operator and F(t) € C([0,T], X), then F(t,z) is continuous with respect
to ¢ on [0,7]. By lemma 4.3, (4.7) has a unique solution z(t) € C([0,7],X). Combining
Lemma 4.2, (4.4) is equivalent to (4.7). Moreover (4.4) exists a unique solution x(t), moreover
x(t) € CY([0,T], X).

We have the following result.

Theorem 4.2. Let A € L(X) be a closed operator, F(t) € C1([0,T],X) satisfying
IF(1)] < Cy, ¥t € 0,T).
Then the solution of (4.3) converges to the solution of (4.4) as o — 17.

Proof. From Theorem 3.1 and Lemma 4.4, it follows that (4.3) as well as (4.4) has a unique

solution, and the solutions have the forms

L t a-1 L ! _Sa—l s)ds
)/O(t—s) Az (s)ds + /O(t Y lR(s)ds, 0<t < T,

:L'a(t) =+ m F(Oé)
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and
¢ t
z1(t) = xo —|—/ Azq(s)ds +/ F(s)ds, 0<t<T.
0 0
As A € L(X) being a closed operator, then there exists a constant C3 such that
|Az|| < C3,Vx € CH([0,T], X).

Thus
[za(t) — 1 ()]

Fl /t( L Az ( /tAxl( )ds
/ “lp(s)ds — /F

1
T )/<t )0 Avals) — A (5) s +

ds

0 [F(a)(t — gl 1} Az1(s)

+/Ot [F(la)(t_s)a—l _ 1} F(s)| ds
gﬁé”) /0 (1 — ) ra(s) — aa(s)ds + /0 t [Fla)a— 51 1] | Az (s) ds

o t [F Lt 1} 1F(s)llds

M t — 8)* Y|za(s) — z1(s)||ds ti —5)* 7 S
< [0 s~ oa@las + e [ |- 0t -1]a

el /Ot [F(la)(t gt 1] ds
:ﬂz‘la”) /Ot(t — 8 Y|za(s) — 21(5)]|ds + [Cs + Cu] /Ot [Fl(t syt 1] ds

a)
_ Al am
Ta) /0 (t — 8)* Yzals) — z1(s)||ds + ea(a).
Noted that
sl = 0] [ [ste= o = 1fas = evred [t -] < evred [ B 1]

So

lim ey(a) = lim [C3 4 C4] ( =t—t=0.
a—1- a—1-

ta
T(a+1) t)
Then, for any € > 0, there exists 6 > 0 such that for 0 < 1 — a < §, we have 0 < e2(a) < ¢,
which imply

141 —8) Hza(s) — x1(s)||ds
[z (t) — 21 (t)]] < ()/0(75 )" lwa(s) — zi(s)lds + ¢,

as0<1—a<é.
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From Lemma 2.3, it follows that

tn()é

AP, e ] AL A
/()[ZF(”Q)(t_S) ]dsgzrnoo/o(‘ d‘z

A goyn "

(na + 1
which implies
[za(t) —z1(2)]| =0,

as € = 0 (o — 17). This completes the proof.

5 Continuity of solution on fractional order for semilinear equa-
tions

In this section, we consider the continuity of solution on fractional order for semilinear

Caputo fractional evolution equations, i.e., as a« — 3, the relationship of solutions between

{Cpgx(t) = Az(t) + F(t, z(t), 0<t < T, (5.1)
x(0) = xo, |
and
{CDfm(t) = Az(t) + F(t,z(t), 0<t < T, (5.2)
z(0) = xo. |

Throughout this section, we require the following assumptions.

(H1) There exists a constants Cg such that
|F(t,z)|| < Cg, forallt € [0,T] z € X.

(Hs) F(t,z) is continuous with respect to ¢ on [0,7] and Lipschitz continuous with respect

to x, namely, there exists a positive constant L such that
[F(t,x) = F(t,y)| < Lllz—yl, vt€0,T], z,ye€X.
We have the following result.

Theorem 5.1. Let the assumptions of Theorem 3.2 be satisfied and the conditions Hy and Ha
hold. Then the solution of (5.1) converges to the solution of (5.2) as o — [ for 0 < a, f < 1.
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Proof. From Theorem 3.2, it follows that (5.1) as well as (5.2) has a unique solution, and

the solutions have the forms
I ] I ]
Zo(t) =0 + / (t —s)* " Azxq(s)ds + / (t—9)*""F(s,za(s))ds, 0<t<T,
I'(a) Jo I'(a) Jo
and
I 1 I 5.1
25(t) = 30+ / (t — 5)*LAz5(s)ds + / (t — 8)~LF (s, 35(s))ds, 0 <t <T.
’ T(8) Jo ’ £(8) Jo ’
As A € L(X) being a closed operator, then there exists a constant C5 such that
”ALL‘H < Cs,Vr € Cl([O,T],X)

Thus
[za(t) —za(t)]

<‘1/t(t—s)a Ao (s )ds—r(lﬁ)/ot(t—s)ﬁlflxﬁ(s)ds

H (t — $)° L F (5, 20 (s))ds — F(lﬂ)/ot(t—s)ﬁlF(s,xﬁ(s))ds
_F@ﬂbé<t—srx1qua<> Awgwnws+1£t LXaga——@al—lngu——@ﬁﬂx&mx$ ds
by [ =T (o)  Fls.aats)as

+/0t {F(la)(t—s)al—r(lﬁ)(t—s)ﬁl} F(s,x5(s)| ds
L L oalo) — sl + [ [t =97 = o= 97 Hwa(olas

b [ et —matellas + [ [se= 9 = e | 1R matelas
I [ ats) —matollas + 05 [ [se= 9 = 6= 97

4 G /Ot [F(la)(t syl F(lﬁ)(t - s)/“] ds

_lAl+ L t — ) za(s) = 25(s)||ds t b —so‘*l——l — )P ds
AL [ g nats) —aate)las + 05+ 0l [ [t - st - 97 d
A+ L t — 8)* Yza(s) — z5(s)||ds + e3(a

i = () = (s + 2s(0. ).

From Lemma 2.4, it follows that

lim e3(a, 5) = 0.

a—f
Then, for any € > 0, there exists ¢ > 0 such that for 0 < |8 — a| < §, we have 0 < g3(a, 8) <
which imply

ES oI (e)— an()lds
o) = a0l < LLELE 0= 90 o) = aat s +
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as 0 < |f —al < 9.

From Lemma 2.3, it follows that

TE YA+ L), e
o) o) <+ < [ lzlw<t_s> ] 0

0 |z
Noted that
IIAH+L vat] (Al + )" / naty (Al + D) e
(t— s < t— ds=S 2T 2
/[z:: 2 _; I'(nao) 0( s) § ; I'(na) no
— (Al + L)yt)"

M

< E,(]|A L)t
Fra 1) < BallAl+ D)) < oo

n=1

which implies

[za(t) = zp(t)]] = 0,

as € = 0 (o — (). This completes the proof.
Moreover, we find a relationship of solutions between the semilinear Caputo fractional evo-
lution equations and the classic semilinear evolution equations, i.e., as « — 17, the relationship

of solutions between

{CDg;c(t) = Ax(t) + F(t,2(t), 0 <t <T, (5.3)
x(0) = xo, |
and
{x/(t) = Axz(t) + F(t,z(t)), 0<t <T, (5 4)
z(0) = xo. .

Firstly, we give a Lemma.

Lemma 5.1. Let A € L(X) be a closed operator. If F(t,z) is continuous with respect to t on

[0,T] and Lipschitz continuous with respect to x, namely, there exists a positive constant L such

that
|F(t,x) = F(t,y)l| < Lz —yl, Vte[0,T], z,y€ X.

Then (5.4) is equivalent to the following integral equations
t t
z(t) = zo +/ Az(s)ds +/ F(s,z(s))ds, 0 <t <T. (5.5)
0 0
Moreover (5.4) exists a unique solution z(t) and z(t) € C*([0,T], X).
Proof. Let F(t,z) = Az + f(t,z). Since A € L(X),
|F(t2) = Ft )l < (14 + Dllz = ll, V€ [0,T), z,y€X.
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Note that A is a closed operator and F(t,z) € C([0,T],X), then F(t,z) is continuous with
respect to ¢ on [0, 7]. By Lemma 4.3, (5.5) has a unique solution z(t) € C([0,7], X). Combining
Lemma 4.2, (5.4) is equivalent to (5.5). Moreover (5.4) exists a unique solution z(t) and x(t) €
C([0,T], X).

We have the following result.

Theorem 5.2. Let the assumptions of Theorem 3.2 be satisfied and the conditions Hy and Hs
hold. Then the solution of (5.3) converges to the solution of (5.4) as o — 17.

Proof. From Theorem 3.2 and Lemma 5.1, it follows that (5.3) as well as (5.4) has a unique

solution, and the solutions have the forms

—xitfsa_lxssitfsa_lsxss
ralt) = a0+ g [ (0= 9" Awa(s)ds + s [ (4= 9" (g (s)ds, 0< e < T,

and
t t
x1(t) = xo + / Axq(s)ds +/ F(s,z1(s))ds, 0 <t <T.
0 0
As A € L(X) being a closed operator, then there exists a constant C7 such that
|Az|| < C7,Vz € C([0, T], X).

Thus
[za(t) —z1 ()]

< Hr(la) /Ot(t ) Az (s)ds — /Ot Az1(s)ds

N Hr(la) /Ot(t — ) (s, a(s))ds — /Ot F(s, 1(s))ds
1

—t—so‘*lxs—xss t
<t [ = v (o) — Am (s + [

{F(la)(t _ el 1] A1 (s)

by [ =9 o) — Fsanolds + [ | [t —1] P as

N L1 N SRR PR
<L [ et 1()Hd+/0[r(a)(t ) 1]HA (s)lld

L ! _304—1.r s) — x4 (s s ti _sa—l_ s.z1(s s
bt [ =9 eal) = a@las [ s 9t <1 1)

7HAH+L t — 8)* Y zy(s) — z1(s)||ds t L —g) 1l — s
SUE [ (=9 aale) —ma(o)as + 01 [ st -7 1] a

+ Cs /Ot [I’(la)(t_ s)at — 1} ds

:W/o (t — )" Hzals) — z1(s)|ds + [C7 + 06]/0 [a(t — )~ 1] ds

AL+ L
C T(a)

/0 (t = 97 za(s) — 21()[ds + ea(a).
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Noted that

a

ea(a) = [C7+Cq] /0 t {Fl(t —5)* 1] ds = [C7+C] [F(la)a

: -t

INa+1
So

tCL
1. = 1' —_— — = - t - O-
iy eat) = tim 01+l (g =) =

Then, for any € > 0, there exists 6 > 0 such that for 0 < 1 — a < §, we have 0 < g4(a) < ¢,
which imply

Al + L

t a-l —x1(s)||ds + €
Fa | = ea(e) — (o) s + e

[z (t) — 21 ()] <

as 0 <1 —a <.

From Lemma 2.3, it follows that

x — X N M — 5 na—1 s
Noted that
AL £, ] g $5 QA ED g, 55 (1A 10
/ [z:: ) ] s ; I'(na) /0 (t—s) d ; I(na) na
= > WAL DR < b al + o) < o

n=1

which implies
[2a(t) —z1()]| =0,

as € = 0 (o — 17). This completes the proof.

6 Examples and numerical investigations

In this section, the numerical studies are performed to explore the continuity of solutions on
fractional order for some fractional systems, which show reasonable agreement with the theoretic

results.

6.1 Examples and numerical investigations for linear equations

Case a — (3

Setting A = —1, 9 = 10, F(t) = sin(¢) and ¢t € [0, 5] in (3.1), we have

Dfx(t) = —z(t) +sin(t), t € (0,5],
2(0) = 10.
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Figure 2: Difference of numerical solutions for (6.1).
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t a=0.5 a=0.6 a=0.55 | a=0.51 | a=0.501 | «a=0.4 a=045 | a=049 | o=0.499
0 10 10 10 10 10 10 10 10 10
0.5 | 5.417313 | 5.494595 | 5.451875 | 5.423592 | 5.417927 | 5.371333 | 5.390542 | 5.411345 | 5.416702
1 |4.671882 | 4.51666 | 4.593493 | 4.656078 | 4.670299 | 4.834008 | 4.751937 | 4.687752 | 4.673466
1.5 | 4.280918 | 4.010343 | 4.146668 | 4.254204 | 4.278249 | 4.546053 | 4.413766 | 4.307575 | 4.283586
2 | 3.954464 | 3.62294 | 3.790219 | 3.921817 | 3.951203 | 4.277471 | 4.116548 | 3.987023 | 3.957723
2.5 | 3.5957 | 3.227966 | 3.413084 | 3.559339 | 3.592067 | 3.956876 | 3.776645 | 3.631994 | 3.599333
3 ] 3.185281 | 2.78988 | 2.988217 | 3.14594 | 3.181348 | 3.578451 | 3.381749 | 3.224599 | 3.189214
3.5 | 2.749259 | 2.326192 | 2.537626 | 2.706896 | 2.745022 | 3.175245 | 2.961574 | 2.791649 | 2.753497
4 | 2.338456 | 1.884632 | 2.110709 | 2.292762 | 2.333884 | 2.800365 | 2.56817 | 2.384229 | 2.34303
4.5 | 2.009223 | 1.522525 | 1.764344 1.96 2.004295 | 2.508894 | 2.257285 | 2.058573 | 2.014152
5 | 1.805929 | 1.287856 | 1.544702 | 1.753339 | 1.800662 | 2.341628 | 2.071499 | 1.858693 | 1.811198

Table 1: Numerical solutions of (6.1) for different fractional order a.

Applying the fractional Adams-Bashforth-Moulton scheme in [29], the numerical solution of

(6.1) is obtained. We can compare the numerical solutions when o — 3 as bellow.

Table 1 and Figure 2 show that when « getting closer to 0.5, the numerical solution of (6.1)

is getting closer to the numerical solution of (6.1) whose fractional order is 0.5 .
Case a — 17
Setting A = —1, xo = 10, F(t) = sin(¢t) and ¢ € [0, 5] in (4.4), we have

—x(t) 4 sin(t), t € (0, 5], (6.2)

Applying the Runge-Kutta method, the numerical solution of (6.2) is obtained. We can compare

the numerical solutions of (4.3) and (4.4) when a@ — 17 as bellow.

t U1 a=0.9 a=0.95 a=0.99 | «=0.999
0 10 10 10 10 10
0.5 ] 6.169363 | 5.943919 | 6.05221 | 6.145155 | 6.166798
1 | 4.013279 | 4.109099 | 4.057428 | 4.021494 | 4.014145
1.5 | 2.806249 | 3.127074 | 2.968055 | 2.838886 | 2.809622
2 | 2.083763 | 2.512635 | 2.302783 | 2.128405 | 2.088336
2.5 | 1.561724 | 2.021764 | 1.796678 | 1.609617 | 1.566592
3 | 1.088342 | 1.54196 | 1.318514 | 1.134995 | 1.093052
3.5 | 0.609925 | 1.046372 | 0.829126 | 0.653957 | 0.614348
4 | 0.140743 | 0.563295 | 0.350579 | 0.182476 | 0.144926
4.5 | -0.266721 | 0.149002 | -0.062356 | -0.226435 | -0.262681
5 | -0.55054 | -0.137653 | -0.349197 | -0.511127 | -0.546586

Table 2: Numerical solutions of (6.2) and (6.1) for different fractional order a.

Table 2 and Figure 4 show that when a getting closer to 1, the numerical solution of (6.1)

is getting closer to the numerical solution of (6.2).
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Figure 3: Numerical solution of (6.2).

(a) Numerical solution of u; — ua, @ =0.9  (b) Numerical solution of u; — uq, @ = 0.95

0.2 ‘ ‘ ‘ ‘ 0.04
0.1 0.02
of 0
35 =}
gy =
-0.2 -0.02
-0.4 -0.04
0 1 2 3 4 5 00 1 2 3 4 5

(¢) Numerical solution of u1 — e, @« = 0.99 (d) Numerical solution of u1 — uq, o = 0.999

Figure 4: Difference for numerical solutions of (6.2) and (6.1) for different «.
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6.2 Examples and numerical investigations of semilinear equations

Case a — [
Setting A = —1, xg = 10, F'(t,z(t)) = sin(¢) sin(x(¢)) and ¢ € [0, 5] in (3.2), we have
Dfx(t) = —x(t) + sin(t) sin(x(t)), t € (0, 5], (6.3)
x(0) = 10. ’
Applying the fractional Adams-Bashforth-Moulton scheme in [29], the numerical solution of

(6.3) is obtained. We can compare the numerical solutions when o — 3 as bellow.

t a=0.5 a=0.6 a=0.55 | a=0.51 | a=0.501 | «a=0.4 a=045 | a=049 | a=0.499
10 10 10 10 10 10 10 10 10
0.5 | 5.124018 | 5.254179 | 5.184282 | 5.135298 | 5.125129 | 5.032457 | 5.073413 | 5.113125 | 5.122911
1 | 3.973182 | 3.851906 | 3.911538 | 3.960688 | 3.971929 | 4.103556 | 4.037021 | 3.985763 | 3.974437
1.5 | 3.478554 | 3.266652 | 3.373309 | 3.457573 | 3.476457 | 3.688947 | 3.58337 | 3.499517 | 3.480651
2 | 3.221847 | 2.967334 | 3.09521 | 3.196563 | 3.219319 | 3.47635 | 3.348438 | 3.247128 | 3.224375
2.5 | 3.039825 | 2.740786 | 2.890318 | 3.009867 | 3.036827 | 3.34395 | 3.19056 | 3.069831 | 3.042823
3 ] 2.857141 | 2.491824 | 2.67325 | 2.820112 | 2.853432 | 3.236993 | 3.044633 | 2.894313 | 2.860852
3.5 | 2.621829 | 2.165152 | 2.388655 | 2.574382 | 2.617066 | 3.119342 | 2.865349 | 2.669692 | 2.626597
4 | 2.308861 | 1.773257 | 2.027849 | 2.250356 | 2.302957 | 2.959345 | 2.619555 | 2.368565 | 2.314777
4.5 | 1.980443 | 1.431716 | 1.685294 | 1.91744 | 1.974044 | 2.749393 | 2.331331 | 2.045676 | 1.986864
5 | 1.760844 | 1.232035 | 1.474215 | 1.699121 | 1.75456 | 2.554616 | 2.112185 | 1.825126 | 1.767154

Table 3: Numerical solutions of (6.3) for different fractional order .

10

Figure 5: Numerical solution of (6.3) when o = 0.5.

Table 3 and Figure 6 show that when « getting closer to 0.5, the numerical solution of (6.3)
is getting closer to the numerical solution of (6.3) whose fractional order is 0.5.
Case o — 1~
Setting A = —1, 9 = 10, F(t,z(t)) = sin(t) sin(x(¢)) and ¢t € [0, 5] in (5.4), we have
2/ (t) = —x(t) + sin(¢) sin(z(t)), t € (0,5],
x(0) = 10.
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Figure 6: Difference of numerical solutions for (6.3).
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Applying the Runge-Kutta method, the numerical solution of (6.4) is obtained. We can compare

the numerical solutions of (5.3) and (5.4) when a@ — 1~ as bellow.

t U1 a=0.9 a=0.95 | a=0.99 | a=0.999
10 10 10 10 10
0.5 ] 6.115991 | 5.859458 | 5.985998 | 6.091125 | 6.115209
1 | 3.510434 | 3.559828 | 3.53078 | 3.513968 | 3.511052
1.5 | 2.272599 | 2.552636 | 2.415196 | 2.300793 | 2.27452
2 | 1.729996 | 2.101008 | 1.922883 | 1.768311 | 1.731841
2.5 | 1.345234 | 1.762551 | 1.5641 1.38994 | 1.348437
3 | 0.945308 | 1.381591 | 1.17239 | 0.991852 | 0.949135
3.5 | 0.545073 | 0.952198 | 0.752635 | 0.587118 | 0.548797
4 1 0.250764 | 0.58589 | 0.417477 | 0.283997 | 0.253925
4.5 | 0.097841 | 0.361633 | 0.225853 | 0.122852 | 0.100311
5 | 0.036261 | 0.252826 | 0.138817 | 0.055805 | 0.038145

Table 4: Numerical solutions of (6.4) and (6.3) for different fractional order a.

Figure 7: Numerical solution of (6.4).

Table 4 and Figure 8 show that when a getting closer to 1, the numerical solution of (6.3)

is getting closer to the numerical solution of (6.4).

7 Conclusion

In this study, we firstly established the well-posedness for a type of Caputo fractional evolu-
tion equations. Then, we considered the continuity of solutions with respect to fractional order
of those equations. Particularly, if the fractional order o converges to 1, then the solution of
Caputo fractional evolution equations becomes the solution of classic evolution equation. Nu-

merical studies are performed to explore the continuity on fractional order for some fractional
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Figure 8: Difference for numerical solutions of (6.4) and (6.3) for different .
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systems, which show reasonable agreement with the theoretic results. To the best of our knowl-
edge, only a few researchers pay attention to the continuity of solutions on fractional order of
Caputo fractional evolution equations, particularly, few ones pay attention to the relationship
between the solutions of integer order differential equations and the fractional ones. Future work
may include exploring the well-posedness and long time behavior of Caputo fractional evolution
equations for the order in (1, 2). Especially, the continuity of solution with respect to fractional
order of Caputo fractional evolution equations for the order in (1, 2), and the relationship be-
tween the the solution of Caputo fractional evolution equations for the order in (1, 2) and the

solutions of classic evolution equations of first order and second order.
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