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Abstract

This paper retrieves some new optical solutions to the Kundu-Mukherjee-Naskar (KMN) equation in the context of nonlinear
optical fiber communication systems. In this regard, the generalized Kudryashov and new auxiliary equation methods are
applied to the KMN equation and consequently, dark, bright, periodic U-shaped and singular soliton solutions are explored.
The discrepancies between the present obtained solutions and the previously obtained solutions by using different methods are
discussed. The time fractional derivative and an oblique wave transformation in coordination with the methods of interest
are considered for acquiring new optical wave solutions of the KMN equation in the sense of conformable derivative and wave
obliqueness, respectively. The effects of obliqueness and fractionality on the attained solutions are demonstrated graphically
along with its physical descriptions. It is found that the optical wave phenomena are changed with the increase of obliqueness
as well as fractionality. All the obtained optical solutions are found to be new in the sense of conformable derivative, wave
obliqueness, and the applied methods. Finally, it is found that the utilized methods and the relevant transformation are
powerful over the other methods and it can be applicable for further studies to explain the pragmatic phenomena in optical

fiber communication systems.

1. Introduction
1.1 Background and literature review

To study of optical soliton is a dynamic research area in the fields of mathematical physics [1] and fiber optic
communication systems [2]. It can play a vital role in the telecommunication industry to explain the soliton
propagation effect in optical fibers and their impact on optical fiber communication systems. In the context
of fiber optics, the relevant models can explain the propagation of soliton pulses through intercontinental
distances. The dynamics of soliton propagation through nonlinear optics, optical fibers, metamaterials, and
crystals are described by several model equations, such as the nonlinear unstable Schréodinger’s equation [3],
Sasa—Satsuma equation [4], complex Ginzburg-Landau equation [5], perturbed Gerdjikov—Ivanov equation
[6], Lakshmanan—Posezian-Daniel equation [7, 8], Chen—Lee-Liu equation [9-11], Liquid crystals equation
[12] and several others. It is worth mentioning that some researchers have studied a number of various
known models and investigated their corresponding soliton dynamics via diverse analytical methods, viz. the
Kudryashov method [13-15], the generalized Kudryashov method [16], the extended Kudryashov method [17],
the trial solution method [18], the extended trial equation method [19], the modified simple equation method



[20], the sine-Gordon expansion equation method [21, 22|, the extended sinh-Gordon equation expansion
method [23-25], simplest equation method [26], the extended simplest equation method [27], new extended
direct algebraic method [28], new auxiliary equation expansion method [29] and so on. This paper deals with
one of such models viz. the Kundu—Mukherjee—Naskar (KMN) equation, which can be applied to address
optical wave propagation through coherently excited resonant waveguides in particular in the phenomena of
bending of light beams [19]. It is also used to address the problems of hole waves and oceanic rogue waves
[30]. The model can further find to be applicable to the study of soliton pulses occurring in (2+1)-dimensional
equations [31]. The most important feature of this model is that it has been given as a new extension of
nonlinear Schrodinger (NLS) equation with the inclusion of different forms of nonlinearity with regard to
Kerr and non-Kerr law nonlinearities to study soliton pulses in (2+1)-dimensions [31, 32]. Recently, solitons
in KMN equation have been addressed by several researchers to recover some optical solitons using trial
equation technique [33], extended trial function method [19], ansatz approach and sine Gordon expansion
method [34], F-expansion and functional variable principle [35], new extended algebraic method [36], the
method of undetermined coefficients and Lie symmetry [37], modified simple equation approach [20, 38]
and first integral method [39]. As a result, investigators have reported some new optical solutions such as
dark, bright, singular type soliton solutions. However, no studies have been found to investigate the optical
solutions to the KMN equation by using the generalized Kudryashov method (gKM) and new auxiliary
equation method (NAEM).

1.2. Objective of the study

The aim of this study is to adopt the gKM and newly developed NAEM to secure some new optical solutions,
namely dark, bright, periodic U-shaped and singular soliton solutions to the KMN equation that can be of
great importance in the field of fiber optics and optical communications. Furthermore, our intension is
to implement the conformable derivative and wave oblique complex transform in coordination with the
mentioned methods of interest to the KMN equation for obtaining new optical solutions in the sense of
fractional derivative and wave obliqueness.

1.3. Governing equation

The dimensionless form of (2+41)-dimensional KMN equation is [33-38]

iQe + pQxy + iqQ (QQ; — Q"Q) = 0.(1.1)

The KMN equation specified by (1.1) was introduced by Kundu et al. [30], which is a new extension of the
well-known NLS equation. In Eq. (1.1), « and y stand for the spatial variables while ¢tdesignates the temporal
variable. The dependent variableQ(z, y, t) represents nonlinear wave envelope, where the asterisk denotes
the complex conjugate of Q. The first term in Eq. (1.1) stands for denoting the temporal evolution of the
wave followed by the dispersion term that is given by the coefficient of p. The constantq ensures the existence
of the different case of nonlinearity media which does not fall into the conventional Kerr law nonlinearity
or any known non-Kerr law media [31]. The nonlinear term in this equation accounts for “current—like”
nonlinearity that stems from chirality [33].

1.4. Application of complex transformation to the KMN equation

In order to get optical solutions of Eq. (1.1), the following transformation is selected [33-38]

Q(z, y, t) = U(§em=vh), (1.2)

where U () represents the amplitude component withf = ljz + loy vt, the phase componentn (z, y, t) of
the soliton is defined asn (z, y, t) = —hixz — hoy + wt + Opwith i = /—1. Here, hy and hy refer to the
frequencies of the soliton in the z- and y-directions, respectively, while w and 6, , respectively, correspond to
the wave number and phase of the soliton. Also, the parameters [; and ls in Eq. (1.2) represent the inverse
width of the soliton along the x and y directions, respectively, while v represents the velocity of the soliton.
Plugging the above transformation into KMN equation specified by Eq. (1.1) and decomposing into real and
imaginary parts, the following pair of equations are attained:



aliloU" — (w+ ahihe) U 28 U3 = 0 (1.3)

and v = —p (lthe + lah1), (1.4)

where a prime denotes the derivative with respect to &.
1.5. Arrangement of the study

The rest part of the paper is organized as follows. Section 2 deals with the overview of the gKM and NAUM.
Applications of these methods and two important remarks are presented in Section 3. The graphical analysis
of the obtained solutions is elaborated in Section 4. Finally, a general discussion and conclusion are placed
in Section 5.

2. Overview of the methods

In this section, we will recount the workflow of the gKM and NAEM to investigate some new optical solutions
to a nonlinear evolution equation (NLEE).

Assume a general (2+1)-dimensional NLEE in the following form:

P(Q7QmaQy7Qt7QxxaQxy7thaQyt7Qttantt7 """ ) = 07 (21)

where Q = Q(z,y,t) is an unknown function of complex-valued, Pis a polynomial of Q(x,y,t), and its
various partial derivatives, in which the linear and nonlinear partial derivatives are involved.

With the introduction of the transformation@ (z,y,t) = U(£)e"®¥%1 where & = Lz + lyy ot
andn (z, y, t) = —hix — hoy + wt + 6o, Eq. (2.1) is converted to the following nonlinear ordinary
differential equation (ODE):

0 (U, UU ) —0, (2.2)

where O is a polynomial of U and its derivatives, and the superscripts indicate the total derivatives with
respect to &.

2.1. Overview of the generalized Kudryashov method (gKM)
The main steps of the gKM are as follows [16]:
Let us assume that the solution U (&) of the nonlinear Eq. (2.2) can be presented as

N aiRi
U©) = S5 (29)

In Eq. (2.3), the constantsa; (¢ =0, 1, 2...,N) andb; (=0, 1, 2..., M) are to be determined later. M
and N are positive integers which can be computed by means of homogenous balance principle, and R(€)
satisfies the following ODE:

’

R (&) = (R*(§) = R(¢)) In(a). (2.4)

Equation (2.4) yields the exact solutionR (&) wherea # 0, 1 and d # 0.

_ 1
= (+da?)’

Substituting Eq. (2.3) along with Eq. (2.4) into Eq. (2.2) and using some mathematical operations, we get
a system of algebraic equations. Solving the attained system and setting the obtained values in Eq. (2.3),
one can produce exact solutions of Eq. (2.1).

2.2. Overview of the new auxiliary equation method (NAEM)
The main outlines of the NAEM are as follows [29]:
Let us assume that the solution U (&) of the nonlinear Eq. (2.2) can be presented as

U () = XN ai (/@) (25)



where the constant coefficientsa; (i =0, 1, 2...,N) are to be determined andN is a positive integer which
can be computed by means of homogenous balance principle. For Eq. (2.5), (&) satisfies the following ODE:

’

[ = 1n%a) (aa=F© + B+ 0al®). (2.6)

Equation (2.6) yields the following family of solutions:
Family-I: When 32 — 4a0 < 0 ando # 0,

—£ ¢ YiF tan(v““;’“f),

ol © —

of© — _ B8 _ mcot(@g)_

Family-II: When 32 — 4ac > 0 ando # 0,
WO — B Fdao (@g),

20 20

af® =_8 _ ¥ ﬁz;mg coth <\/ﬂ22ﬁ§>.

Family-III: When 82 + 40?2 < 0,0 = —a and o # 0,
a/f(g) = % - \/7(6220'4"»4&2) tan (\/(ﬁ;+4a2)€>;

af© = £ 4 \/—(l;20+4a2) cot (\/_(5;+4a2)£>.
Family-IV: When 82 + 4a? > 0,0 = —a and o # 0,

16 =~ ST o (SEF)

20

al® =L 4+ \/W ot(@f).

Family-V: When 32 — 402 < 0 ando = «,

af<s>__£+@tan<\/@g)7

ol © —

B V-(B—10?) V= (B2~4a%)
—a- + 5 cot 5 &

Family-VI: When 82 — 4a? > 0 ando = «,
of© — _ 8 _ 52 4a2> (\/W do?) 5)
- 20

)

af© = _ 5 _ \/(52 1o7) o \/(62 1a?) >
Family-VII: When aoc > 0, 8 =0 ando # 0,
9 = /2 tan (y/acl),

9 = /2 cot (\/ac€).
Family-VIII: When ao < 0, 8 =0 ando # 0,



af® = /=% tanh (v/—ac),

af(® = /=2 coth (v/—ac¥).

Family-IX: When 32 — 4a0 = 0,
f(&) — =2a(BE+2)

al®) = ==

Family-X: When 8 =0 and o = —o,

af () — 2241

e2a€—1"
Family-XI: When a = 0 =0,
26¢
of© = — 41

Family-XII: When a = 2K, § = K ando = 0,
a[f(&) = ng _ 2.

Do A-EIIL: Qnev o = K, B = K avda =0,

EK
af© = <
PopA-EIIT: Qnev a =0,
_ _Be
af© = Lo
Dot p-EI7: Qnev =0 =0,
a[f(&) = aé"
PopAp-E": Onev f=a =0,
f6) — _ L
al® = —%.

PoptAp-E7T: Onev =0 avd o = o,

a’® = tan (af + E).

PopA-E7II: Onev 0 =0,

af () = eBE _ %

Mhuyywy Exc. (2.5) avd (2.6) wto Ey. (2.2) avd coMectivy od\ Tne Tepus nouvy tne moweps og a'?&) (i =

0, 1, 2, 3...) 10 Lepo, a opatey o ahyePpas exvatiovs i oftawved. Tnig odoteu cav Be mpoBed to detepuive
TNE OAVES 0ga;, w avd otnepe v Ex. (2.2), wmcn gvadhd tpoduce e€act cohutiove to Ey. (2.1).

3. ORTICAAA COAUTIOVG: UATNERATICAA avaAdotlg

Iv ¢ oectiov, e anmAcatiov 0¢ e afoe-pevTioved petnods to e (2+1)-A KMN eyvatiov i Slocuooed
(POP ECTUYOTIVY VEW OTTICUA GONUTIOVG.

3.1. Annhicatiov og tne yevepohled Kudpaono petnod

Bahavevy tne opdepg 0@ Tne Avedp Tepu U" avd e voviweap tepplU? v Ey. (1.3), we e N = M + 1.3o,
e cohutiov o Ey. (1.3) cav Be mut v e porhowvy gopy 1 we ¢nooce M = 1:

_ ap+a1R(§)+a2R*(€)
U)== ;U‘i’blR(E) . (3.1)

Iv Ex. (3.1), e covotavic a; (i =0, 1, 2) avdb; (j =0, 1) ape to Pe detepuived hatep avdR(§) oatiopieg
e OAE onecipied B Ey. (2.2).



IMuttivy Ey. (3.1) o e awd op Ey. (2.2) vto Ey. (1.3) avd uotvy COopE HATNEROTICHA OTEQAUTIOVS, KOE YET O
ooten o ahyeBpalc ExLATIOVE. XOAVY TNE EPAVATES GPOTEU 0P EYVATIOVS, WE OBTAUY TNE YOANOWLYY COAUTIOV
oETC:

Yet-I: ap = 0,a1 = :Fé%/# as = +by In(a) pql}lle bo = 0,
X 1

w = f%p (lllg (In (a))2 + 2h1h2), avd by ¢ pee.

Yet-1I: ap = 0,a1 = +2bg In (a) pql,lllf ,a2 = F2bg In (a) pql}lllz b1 = —2bg,

w=p <l1l2 (In(a))® = h1h2>, avd bg ¢ Ppee.

TTT _ | biln(a) \/mxhilils plilsIn(a) by
Yet-III: ap = 0,01 = :|:72 g 2 = F T NoTOT ,bo =0,

w=—1p (l1l2 (In (a))2 + 2h1h2), avd by ¢ @peE.

o, _ bo ln(a)\/m o 2bo In(a)4/ ﬂ:xh1l112 _ 2plylabg In(a)
Yet-I"ag = i—th ,aq = F—F ah = ii\/m ,bl —2b0,w
—p (2l1l2 (In(a))? + hlhg), avd by L ppee.

1 bo In(a)y/mxhilila 2plilabg In(a) _
5 —————,a1 = 0,a2 = F=7—=—-",b1 = 2y,
qhi v/ 1xhilils

w==3p (12 (10 (@))* + 2h1ha ), avd by 1 pee.

Yet-"ap =

o 24/nxhilil 2a +a
Yet-T: a2:7(4a0+2a1)7b0:ﬂ:2qh71a0, b == Xllllf 0T
In(a)/7xhil1ls plil2 In(a)

w = f%p (1112 (In (a))2 + 2h1h2), avd ag, a1 OPE (PEEE.

dvoeyuevtA, e afoe oete (I-T) petplee e PoANOLIVY OTTICHA CONUTIOVC:

bilylo Av(a) plily 1
q:(é £ 1n1 ? —y—biln(a) /T4 2’) ) 1 2
Ql ) (.’L‘ y,t) _ V/rxhilils (1+d ) ah1 (14daf) % ez(—hlw —ha —§p(l1l2(1n(a)) +2h1h2)t+ 90))

(1+da€)

425 1 plyly ( 1 _ 1 )
oIn(a) /" | (7ae®) ~ (17aat)? « o=z —hay+p(lala(n(a)*~hiha)t + 0o)
)

Q34 (Y1) = ;
& (17 (1+da5)>

i(bl In(a) \/mxhilily 1 _ plyloin(a) by 1 >
M (del)  edahlz (14def)? ) i(—hiz —hay—§(lil2(In(a)®+2hih2 )t + 60)
)

QS,G (.’IJ, Y, t) =

by
(1+da£)
i(bo In(a)y/mxhilily _ 2bg In(a)y/mxhilils 1, 2plilybgin(e) )
qhy

qhy (1+daf) Vrxhilyls (1+da5)2

Qs (2,y,1) =

2
bo (1_ (1+da£))
oi(—h1z —had —p(2hl2(In(a))*+hih2 )t + 60)
)

4 (1 bolnt@)/mxhilily _ 2plylybg In(a) 1
2 ahy Vaxhilily  (1+daé)?

to (1415 )

i(—h1z —had —1p(l1l2(In(a))®+2h1ha )t + 60)
)

Qo10 (z,y,t) = x e’



ay _ (4ag+2a7) X h
ao+(1+dag) (1+da8)? " el(—hl.’t —ha( —b—%(pbﬁh2+2qa§)t + 90)

Q12 (z,y,t) = i( sy, i/t ) )

In(a)/mxhylyls plilyIn(a) (1+daf)

onepel = hix + loy+p (lthe + l2h1)t gop ek TNE ONTCHN COAMITIOVE TPEGEVTED v TNIC CUBCECTIOV.
3.2. Anmhcatiov 0@ e vew auvdlhiop exUOTIOV UETNOD

Bodavevy e 0pdepe og tne Awveap tepp U avd tne voviweap tepplU? v Ey. (1.3), we noe N = 1. Yo, e
cohutiov o Ey. (1.3) cav (e penpecevied v tne oAOWIVY Qopp:

U (&) = ap + a1a’®, (3.2)
WNEPE ag avd ay ape covotavtc to PBe detepuved hatep avd f(€) catiopiec tne OAE oneciped B Ey. (2.6).

IMwyywy Ex. (3.2) ahovy witny Ex. (2.6) wto Ey. (1.3) avd cohhectvy ahh TNE TEPUS NOUVY TNE TOWEPS O
a**@© (i =0, 1, 2, 3) 7o Lepo, o ohoTey 0@ ahyepac eXUATIOVS I 0BTauved. Sohvy Tne oo TeEp 0P EXUATIOVS,
WE YET TNE QOANOWIVY COAUTIOV CET:

ag = :I:quhl\/nxhllllg,al = iﬁ\/ﬂxhllllg avdw = %p (40[0’[1[2 - 521112 — 2h1h2)

ITutTivy e cohutiov oeT 0@ ahyePpaus exvatiove vto Ey. (1.2) ahovy witn Ey. (3.2), Tne porhowvy coluTiov
I PECELED:

Qz, y, t) =+ 2(1th /myhilils (B + anf(£)> w ei(=hiz —hay + (§(daclilz=F2llz—2h1ha))t + 90)7 (3.3)
onepe€ = iz + Ly +p (lhhe + l2hy)t.

Now woeptivy e cohvtove 0@ Ey. (2.6) (PoyputAd-I 1oPoapAd-E"II ) wto Ey. (3.3), e porhowivy
coAUTIOVE NoE Beev peTELEED:

Pop Paphd-I: Qrev 32 — dao < 0 avdo # 0,
\4dao—32 \4dao—p3?
Q1,2 (z,y,1) = iﬁ\/nxhllllg (6+20 (_260"" 420 b tan( 1 5 £ 5))) X

ei(—hlx —hay + (B (4aolyla—B%l1l2—2h1hs) )t + 6o)
)

Q3.4 (2,y,1t) = iﬁ\/ myhilila (5 + 20 (—fa - 40;:,_52 cot ( : 4a;_52 §>>> X

e’i(*hll’ —hay + (%(40&0’[1[27B211l272h1h2))t + 00).

Pop Papuhd-II: Qnev 42 — dao > 0 avdo # 0,
2__ o 2__ o
Q5.6 (2,9, 1) - 5 axpalil <ﬁ+20 (—;f, RV TER (W g))) «

ei(fhlzr —hay + (5 (4aolyla—B%l1l2—2h1hs) )t + 00),

Q7.8 (z,y,1) = iﬁw/ﬂXhlllb <ﬁ + 20 (—QBU m—_ 522;4(“; coth < v B22_4(w§>>) X

e’i(fhlm —hoy + (%(40(0’[1[2762l1l272h1h2))t -+ 00).

Pop Paph-IIT: Onev 32 + 402 < 0,0 = —a ovd o # 0,
/(B2 4402 /(B2 +4a2
Q9,10 (I,y,t) = iﬁ\/ﬂxhllll2 <B —+ 20’ <2'i — (,82;_4 ) tan ( (62+4 )§>)> X

ei(fhlw —hoy + (5 (4aolila—B%l1l2—2h1hs))t + 00)7

— 2 2 — 2 2
Q1112 (z,y,1) = + ﬁw/nxhllllg <[3 + 20 (260 4+ V (/320+4a ) cot (\/ (/32+4a )§)>) %

ei(—hlw —hoy + (5 (4aolila—B%l1l2—2h1hs) )t + 00)_




Pop Paphd-I": Onev B2 +4a? > 0,0 = —a avd o # 0,

2 a2 2 a?
Q13,14 (z,y,1) = igq#hl\/ nyhilils (5 + 20 (2@ - (52:4 ) tanh ( @ 2+4 )§>>> X

ei(fhlzz: —hay + (5 (4aolila—B%l1l2—2h1 ko))t + 00)’

/ 2 4a2 / 2 4(12
Q15,16 (7,y,1) = igqﬁ\/ myhililz <5 + 20 <£, + (ng ) cot < @ 2+ )f)>> X

ei(fhlw —hoy + (5 (4aolila—B%l1l2—2h1hs))t + 00).

Pop Paphd-": Qnev 32 — 4a? < 0 avdo =
Q7,15 (@, y, t =+ S mdahh (8420 (— L YD oy (VD x
5 2qh1 X 20 20 2

ei(—hlz —hoy + (5 (4a0lila—B%l1l2—2h1hs))t + 90)7

—(B82—4a2 —(B2—4a2
Q19720 (l‘,y,t) = + ﬁ\/nXhllllZ (ﬁ+20’ <2’6;T+ \/ (/320 4 )COt <\/ (ﬁg 4 )£>)> %

ei(—hlx —hoy + (5 (4aolila—B%l1l2—2h1hs))t + 90)_

Pop Paphd-"I: Onev 42 — 4a? > 0 avdo = a,

2 402 2_ 402
QQLQQ (l’,y,t) = iﬁ\/ﬁxhllllg <ﬁ + 20 <—2’[Z - (620_4 ) tanh < (8 2 )£)>) X

ei(—hlw —hay + (%(4aclily—B2lilz—2h1ha))t + 90)7

2 _ 402 2402
Q23’24 (x,y,t) = iﬁ\/ﬂxhllllg (ﬁ + 20 <—2€37 - ([3204 ) coth ( (8 3 ! )f>)> X

ei(—hlx —hay + (%(4aclily—B2lila—2h1ho))t + 90)_

Pop PoaptAd-"II: Onev ac >0, =0 avdo # 0,

Q5,26 (,9,1) = %+ = /mxhalal (B + 20 (/Z tan (v/a5)) ) xel(~tue —hay + (B (a0ohla=5hla=2hha) )t + 60)
Quras (2,9.8) = % g /mrPalila (8 -+ 20 (/T cot (/D)) (e ~haw + (5(hartiatis—2hiba))e + ),
Pop PotAd-"III: Qnev ac <0, 8 =0 avdo # 0,

Q29,30 (7, y,1) = + ﬁm (B + 20 (/=% tanh (v/—acf))) X

e’i(*hll’ —hoy + (%(40&0’[1[27ﬁ2l1l272h1h2))t + 00)’

Q31,32 (7,9,1) = + ﬁ\/nxhllllg (ﬁ—|—20 (Ecoth (\/—aaé))) X

e’i(fhlm —hoy + (%(40(0’[1[2762[1l272h1h2))t -+ 00).

Pop Paphd-IE: Qnev 52 — 4ao =0,

Qaa (2,,8) =% g /oxfalily (B + 20 (2252 ) ) x e “haw t (B(lertata =t huna))e & )
Pop PoptAd-Z: OQnev f =0 avd a = —o,

Qa6 (,9,1) =% g /rfalily (8 + 20 (St ) ) x ol (or hay + (Blerhlamihtam2huna))e + o),
Pop PaptA-ZI: Qnev a =0 =0,

Q37,38 (x7y’t) = 4+ 2(1%1 /TEXhll1Z2 (B — 9% (ezjjﬁ-ii-l)) % ei(*hlz —hay + (%(4aal112*,32l1l2*2h1h2))t + 90).
Pop PoptAd-ZII: Onev o = 2K, § = K avdo =0,




Qso.40 (,y,1) =+ 2qh \/m (B 42 (eKE _ 2)) w« ei(=hz —hay + (§(4a0lilz=p>Lla—2h1h2))t + 60)
Pop PoptA-ZIIL: Onev o = K, f = K avba =0,

Q1,42 (7,y,t) = :l:th \/TW (5 + 20 ( K)) x ei(=ma —hoy + (§ (4achls=Flio=2hih2))t + o)
Pop PoptA-EIIL: Onev o = 0,

Quaza4 (T,y,t) = iﬁ\/m (5 + 20 (256
Pop PoyptA-E"1: Onev f =0 avd a = o,
Quoac (2,:8) =% ghe\/Exhalila (8 + 20 (tan (ag + B))) x (-7 hav + (§{darhla=gla=2haha))t + fo),
Pop PoptA-E"TI: OQnev o =0,

Qaras (2,y,1) = Fg=/mxhilils (ﬂ + 20 (eBE - 3)) x ei(=mez —hay + (§(daohlz=Fliz—2hiha))t + 00)

onepel = hix + loy+p (lthe + l2h1)t gop okl TNE OMTCHN COAMITIOVE TPECEVTED v TNIC CUBCECTIOV.

>) % ei(fhlm —hay + (%(4aal1127ﬁ211l272h1h2))t —+ 90).
e

Pepopx 1. Pop tne gaoe op govpopuaBAe depratie
dvodep e e gpoctiovah (2+1)-dyevotovah KMN eyvatiov [33-38]:
iDIQ + pQzy + wX (QQ; — Q'Qq) = 0,i=+v—1, (3.4)

wnepe D] devoteg TN covpopuofAe DeQLATIE 0@ QPEACTIOVAA 0pBep T WITY PEOTECT To ¢, avd 0 < 7 < 1. Onev
we ovBotitute T =1 v Ey. (3.4), e twe gpactiovol KMN eyvatiov ¢ covepted 10 e vteyep opdep KMN
eyvatiov oneqpled B Ey. (1.1). Acocuye tne QoMOWWVY COUTAEE TPOUVGPOPUATIOV TO TNE TUIE PEAUCTIOVOA
(241)-A KMN eyvatiov:

Qz, y, t:7) = U =D = Lz + ly v by = —hiz — hay + w0 + 6. (3.5)

Ouen e ner o Ko\ 'c Segwvitiov [40], peaciBhe nponepties [41] o tne covpoppofhe deptatie, avd o COUTAES
tpavogopuotiov omecipied B Ey. (3.5), Ex. (3.4) ¢ covepted 1o e Wevticah OAE omequpied B Ey. (1.3).
Tnev, tne YKM avd NAEM ope anmhied to e tipe ppagtiovah KMN eyvotiov. M€t onticoh wae coAUTIOVS 0pe
eETAOPED, WNICY) APE VEW LV TNE GEVOE 0P COVQOPUABAE PEOCTIOVUA SEQLUTIE. LOUE AMTAICUTIOVE O COVPORUIPBAE
depratie o NIIAEC ope aouhafhe v pege. [42-44]. Pop tne cuxe 0@ GTPUYNTPOPWUPIVESS, WE NOE VCAUDED
poup colutiove of3touved ta tne YKM avd tne NAEM wv tne cevoe 0@ covpopuofie gpoactiovah deplartie. Omticoh
woe cohutiove o e Tipe gpagtiovak KMN eyvotiov B e YKM ope yiev Berow:

1 pbilyly In(a) —b 1 /plila )
) = jF(2 Vrxhills (Hdaf) 1Ine) /T (1+da5 ( haz —hay —3p(lal2(in(a))>+2h1he ) L+ 90)

(1+da€)

Qa2 (z, y, &7
(3.6)

onepel = ha + ly+p (hhy + lh)t

Onticol woe gohutiove o e e ppactiovah KMN eyvatiov B e NAEM ape yiev Behow:
Pop Popuhd-I: Qnev 4% —4daoc < 0 avdo # 0,

Qua2(z, y, 57) = E55m/mhalilz (ﬂ +20 (—2@ | Vi
(\/‘W

evyhlon2o tan

EVY)\LGT]QE X ei(—hlm —hoy + (%(4dol1l2_52l1l2—2h1h2))% + 90)7 (37)

wneeel = L + ly+p (hhy + lbhi)%



Pepopx 2. Pop tne gaoe op covpopuaPre Sepratie avd oA VE wae TOAVTIOVS

Acouye e polhowvy offliyve wae Tpavogoppatiov [45]:

Qla, y, 1) = UE)en=wd), (3.8)

wnepe€ = cos (A)z +sin(0)y vi, avdn = —kcos (f)z —k sin (0) y + w% + fowitncos? (0) +sin? (0) =1 .

Tuhlvy e oflyue woe tpavopoppotiov onecped B Ey. (3.8) wto covpopuofie tiwe gpactiovol KMN
eyvatiov onect@ed B (3.4), e peoh avd Waywvopd TUETS 0@ TNE EXVATIOV Cav BE TUT V TNE POAOWVY QOp:

asin(0)U" — (w4 ak?sin(0)) U 28xY* = 0 (3.9)
ovd v = —pksin (26), (3.10)
WNEPE oL TELUE BEVOTEC TNE 0pEdVaPY BepLaTie wiTh pEOTECT To {avd 6 TEECEVTC TNE WAE OBALYVEVESC.

Pecevind, cope ocnolope [45-47] adonted e offliyue wae tpavo@oppatiov To the gpoctiovah IIAES gop
detepuvivy OfALYUE woE GOAUTIOVE. AQTeEp LUOYY av OPALyVE woe Tpavopopuatiov onecped B Ey. (3.8) wto
e KMN eyvatiov, tne YKM avd NAEM ape anmied o Ey. (3.9). Ag outcoyeg, o€t onticah e GOAITIOVS
0pE TPOBUCED v TOTAh, WTICT) APE VEW LV TNE oevoE 0@ ofhtyuevese. Pecevihd, Hagpel et oh. [46] veotiyated tne
TAUVE WOE TEOTIAYUTIOV v TNE EP-mAave B o olumie ognepatic dlaypoy, wnepe TNEY eunnaolled TNE LWTOPTAVCE
0 OBALYVEVEGS WITY PpacTlovak Tepnopah eolutiov To coue TTAEC.

To e&mhouv tne mndoicol Benouops 0@ PEACTIOVAATY avd waE OfBALYUEVESS, QPOUp OBALYUE WOE GONUTIOVS dpE
wehuded B peoave o tne YKM avd NAEM. OBAtyue onTicol woe GOAUTIOVE TO ThE TWE ppactiovol (2+1)-A
KMN eyvatiov ape e€mhoped ta tne YKM ac

1 _pby cos(0) sin(6) In(a) 1 _ /P sin(6) 1
0 o I(2 /7 kcos () cos(0) sin(8) (1+daf) b1 In(a) X% (1+4a5)2>
Ql,? (Iv Y, taTa ) - b1
(1+daf)

ei(—kcos(@)w —ksin(6) —%pcos(@)sin(@)((ln(a))2+2k2)%+ 90)- (311)

Ov e 0tnep Navd, oAYUE OTTICAA WOE GOAUTIOVS TO TNE TLE PpocTiovah (2+1)-A KMN eyvotiov ape eEnhoped
1 Tne NAEM ac golowe gop Pophd-1: Qnev 82 —daoc < 0 avd o # 0,

Q12 (z, y, t;7,0) = im Ve cos? (0) sin (0) (ﬁ +20 (—fg 4 Vo
evyMon2o tan (Vmc_ﬁ2

EVY)\LGY]Qf ~ ei(—kcos(@)x —ksin(6)y +cos(0) sin(0) (%(4&0_52_2@))% + 00)’ (3.12)

wnepel = cos (0)x + sin () y + pksin (20) %q)op e Potn colvtiove yiev B Eyc. (3.11) avd (3.12).
Pepopx 3. It ic pepopxofie 10 vote Ngpe TNt ok TNE OPBTOUVED OTTICUA GOAUTIOVE 0@ TNE GTUBLED EYUATIOV
ape eptpled B TuTTVY TneU Bacx TO TNE OPLYLVOA EXUATIOV 0VD (QOUVD TNEW ACCUPALTE.

4. T'eannigah avardoic 0@ TNe oBTAUVED ONTIGAN COALTIOVE

Iv tnic oectiov, TNPoIca BECCOITTIOVE 0@ GOUE 0@ TNE ACYLLEED OTTICHA woe coluTiove To e KMN eyvoartiov
e e YKM avd NAEM wuitn tvteyep opdep, @poacTlovol opdep avd COVOLBERIVY WOE OBALYUEVEGS COVOLTIOV OpE
e&mhouved ypannicahhd. Twehe ahid avoldTic onticah coluTiovg ape attouved B e YKM avd poptd-etynt ohid
avoldtic onticah colutiove ape oftanved B tne NAEM. But, o @ew vuuPepc 0@ TNE penpeceVTaTIE GOAUTIOVG
oPtawved B tne Yetnodec og vtepecT ape eEmAaved @op TN caxe oy Peettd.

4.1. Tpamncoh e€mhavatiov o@ e YKM oftawved colutiove

Tne 3A avd 2A ypanncah thAuotpatiove op tne attoved cohutiove to tne KMN eyvatiov covoldeptvy mopTti-
CUAJP OAUEC O TNE (PPEE TUPUUETEQRS UPE TPECEVTED TO GMow TNE colutiov'c Benatop. Mopeoep, tne 3A cupgpace

10



Younnics ape WoLaALLED TO OTOW TNE OTATIOTEUTOPAA PLUTIOV 0P TNE OPBTOUVED OTTICHA WOE COAUTIOVG. LUPPUCE
TNOTC Pop TNE pEOh ovd ayvopd Topte avd woduluc o e onticah cohutov@ (x,y = 1,t) ope onowv v
Puy. 1(o —<) , peonecuehd. Eocn op e peak avd waywapd napte 09Qq (z,y = 1,t) onecupleg o neplodic
ocohtov. Ov e oTtngp Navd, e HOBUAUS 0P TNE UEVTIOVED GONUTIOV WWBLCOTeS o Sopx cohttov (oee Pry. 1 (o)
). Luen tdnec og Penonops pevtioved afoe cav Be covproped ppou tnelp 2A cpoog ae¢Tiovol hve Thotg att = 0,
onicn ope demcted v Puy. 1(8 —¢),peonectierd. Pryvpe 2(o —¢) Sonhade ohoo e 3A ypomncah peTpe-
CEVTATIOV 0Q TNE PEah avd aryvapd Tapte, avd oduhug og e oticoh colitov Qs (z,y = 1,t), wngpeacPry.
2(8 —¢p) domhalc, peonectehd, 2A hve TAOTS 0@ TNE pE0h avd Waryvapd TapTe, avd LOBUAUS 0p TNE UEVTIOVED
cohvtiov att = 0. Tne peok avd waywvop) tapte 09Qs (z,y = 1,1) SeUOVOTRUTE GLVYUNOP GOALTOVS, WNICY) OPE
onowv v Pvy. 2(a, B), peomecuehd, wnepeac|Q, (z,y = 1,t)| ahoo deoryvoteg o ovyuhap coltov (oee
Puy. 2(g) ). Zucn tdnec 0g cvyulop coltov GohuTiovg ape covpipped B tnelp 2A mhotg at t = 0 onowv v
Puy. 2(8—¢),peonectierd. Tre pepouvivy o tne YKM e&1pacted onticah GOAITIOVS PETPECEVT TNE IOEVTICUA
mNPOLCal CNUPACTEPLOTICS TNAT WE NoEe YevTioved afoe.

4.2. Toamncol e€mhavatiov o tme NAEM of3touved cohutiove

Tne 3A Aot op TNe peak avd worytvopd mapTe, avd wodulug og tne colvtiov Q1 (z,y = 1,t) ape domhaded
v @y, 3(a—<) peonectiedd. Tne mhotc o tne af3oe GOAUTIOVE COVYLOY TIEPLOBIC OTATED GOALTOVE. XUcH
tnec og Benonop ape evouped PP e 2A cpoog oectiovol Ave Thote at ¢ = 0, ag onowy v®uy. 3(8 —¢),
peonectie ). Tne oope tevdevaes noe Beev gouvd gop e colutov Qs (x,y = 1,t) . Tne 3A cvpgoce Thotg
(pop tNe peak avd woryvopd Tapte 09Qs (r,y = 1,t) ape eZnoced v Puy. 4(a, B) , peonectiehd, wnen wdlcote
neplodic colvtove. Howeep, tne podulug gopu o Qs (z,y = 1,t) Piehdc o Supx COMTOV, GNICN L& ONOWY v
Pury. 4(g) . Tuen thnec oy Penauop npeoevted BYPury. (a-g) ope covprpped P tnep 2A ¢pooc ceCTIOVOA
Mve Thot at t = 0, wncn ape depovotpoated v Puy. 4(8 —¢),peonectied. Eocn ogp e 3A ypannce o tne
peah avd oryvapd Topte 09Qr (x,y = 1,t) onowe o owvyvhap TEELOBLS coMTOY avd e ope INUCTEUTES tv
Pryc. 5(a) avd 5(B ), peonectiedd. But tne ypammncoh o tpatiov o@|Qr (z,y = 1,1)| yiec o otvyulop
wne cohtov ovA( (oee vy, 5(c» . Trne onaned og owyulop cohtove ape covloued B tnep 2A mhorte,
wnicn ope hhvotpoated v Puy. 5(8-¢), peonectiehd. Mopeoep, Tne pepouvivy oBTouved onTICah COAUTIOVS Lot TNE
NAEM ohoo penpecevt e meplodlc, Betynt, Sopx ovd ctvyuhdp COATOVC.

4.3. Tpomnicoh eEMAAVITIOV 0@ TNE TLE PEACTIOVAA OBAYUE WOE GONUTIOVS

Trne tiwe ppoactiovah oflyve woe cohutiove 1o tne KMN eyvatiov yiev B Ey. (1.1) ape penopted B eZecutivy
e YKM avd NAEM. Xeepoh voeguh otnep gopuc o ofAiyue omticoh colutiovg to e KMN eyvotiov
ape oftouved o tne YKM ovd NAEM. To \\uctpate tne eggectieveag o e YKM avd NAEM yevepoted
COAUTIOVE WLTN QEOCTIOVOALTY avd OfALYUEVECS, COUE 0@ TNE OMTICOA COAUTIOVE ATTUMVED WV TNIC OPTICAE OpPE
diomhaed yeamnicohh ohovy witn tretp Tndoicak eEmhavatiove. Tne mndoicoh eEmhovatiov 0@ Tne aTToLved
omticoh cohutiove, oftouved B tne YKM onecipied B (3.11) i deocpBed gipoT.

Tre e@pectc 09 PpacTiovak TApUETER 0V TNE of3Touved avoldtic colutiov@Qq (z,y = 1,t;7) ape mpolded v Puy.
6 wiTn TNe TMUPTICUAAR ¢NOLCE 0P Tne @pee mopopetepe p = 1, =1, 0 =45, k=1, d=1,a =35, b1 =1
avd Gy = 0. Puyvps 6(or —8) depovotpatee e ovppoce Tpoghes o@|Q1(z,y = 1,47,0 =45) | gop T
=0.25, 0.50, 0.75 avd 1, peonectiedd. Trne oplatiove 0@ woe mpomayatiov ahovy Tne 2-ollc avd t-aig
it dippepevt ahueg o T, xeemvy 6 = 45 ag covotavt ope domhaded v Puy. 6(e, @), peonecuehd. It
cav Be ogev gpopPryc. 6(g) avd 6(¢) TUT TNE CLPPICE WOE TEOPLAES ohovy TNE z-0&lc avd t-allc opE
cnavyed @opT = 0.25 avd 0.50 avd aAgoot uvenavyed @opr = 0.75 avd 1. AumAtudeg 0@ TNE WUE TEOPIAES
ape Qouvd To fBe vedpA WBeVTICHA, BUT LTC TOOLTIOVE OpPE HOED GAOVY TNEX-0ElC POp TNE BLOTIVCT AAUEC O
7=10.25, 0.50, 0.750vd 1.

Puvyvpe T(a 8 ) npeoevic tne ofhiyue woe mponayotov op tne YKM attowved colvtiov, onecped B
(3.11) B ep 3A ocuppace avd 2A cpoog oectiovol hve thote. Puyvee T(a —m)eEnfite e ofAiyve woe
TPOTIOLYATIOV O TNE GOAUTLOV MOUVY TNE TUUE PROCTIOVAA SEQLATIE POP BLOTIVCT AAUEC 0¢ TNE waE ofAyueveact =
15, 30, 45, 75,105, 120, 135,avd 165, peonecTieh], witn Tne @eoctiovai nopoyetepr = 0.75, onace y = 1, avd
e @Eed ahueg o TN pepavivy Topaueteps, vopead p =1, ¢=1,d=1, k=104 = 3.5, by = 1 avd 6y = 0.
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It 1c oPoeped gpopPiy. T(ot —8) tnat Tne OPALYUE MUEC UPE TPOTYUTIVY LV TNE COUE DLPECTIOV tV WNICH TNE
OUTALTUDES GPE VCRENOVY WITY TNE tvcpeaoe o B @op 0 < 0 < 80, wNepeac TNE AUTALTUBES OPE DECRENCLVY WITN
e wepeaoe o¢ 0 gopd0 < 0 < 90. Ov tne otnep navd, Puvy. 7(e —m) onowe TNE TEOTAYATIOV 0@ OB UE
WOEC WV TNE ONNOCLTE DLPECTIOV WLTY TNE W¢peace 0@ B pop90 < 6 < 180. Iv oucn caoee, TNne woe aUTAITUDES dpE
WVCPEUOIVY wltn TNE Wepease 0@ 6 gop90 < 6 < 180. Aumltudec 0@ Tne oBALyUE WUE TEOPIAES dPE CAUPLPLED
ot e 2A cpoog oectiovah Awve Thote (oge Puy. T(v, O ». Howeep, tre oplatiov tv e ofALyUE woE
TEOTAY UTLIOV WITH WAE ofAyuevecg 0@ B pop 75 < 0 < 90 avdl65 < 6 < 180 ape VOT IVGAUDED v TNIC TATER QPOP
e caxe o Beertd. Howeep, 1T cav Be ofoeped gpop Puy. 7(ot =) tnot e woe npoguhes noe Beev cnovyed
oYVIQICAVTAY witn e vepeace op ofhyveveoe. It i cheaphd woiBhe goopPry. T(v, 9) tat tne offhiyue
wog opmATLdE Lo podpuyd atd = 75 avd 6 = 135 ahovy witn ttg z-0&ic (=5 < x < 5 ) avd t-alic (0 < ¢ < 3)
it e woe dpegTiovg 0 < 0 < 90 avd90 < 0 < 180, peomegtiehd. Xugn TYTEC 0@ WOE TNEVOUEVA UPE XVOWY
¢ (PLOCLOV-QUOLOY LVTERUCTIOV TINEVOUEVAL.

Iv 0pdep To eZopuve Tne demevdevee 0@ e wae ofAiyuevess witn e ofict (0 < t < 5), 3A avd 2A ypoanng ape
npemoped @op|Q1(z =1,y = 1,47 = 0.75,0) |9op duppepevt ahvec op oflyveveos (8), QEAUCTIOVON TOPAUUETER
(1 =0.75) avd onoce (z =1,y = 1) avd ope diomhahed wPuy. 8(at, B) . It oeev ppoy Puy. 8(B) ot e
WOE AUTALTUOE aTToUvE Ltg Potup ohue ot 8 = 75 ortnv0 < 6 < 90 avd tnat ¢ padipuy ayowy at § = 135witny
90 < 6 < 180 ohovy witn ttc t adic (0 <t < 3). Iv opdep t0 oMow TNE EPPeCTS 0@ Ppoactiovah ohve (T), 3A
avd 2A yparng op|Qq1(z =1,y = 1, = 2;7,0)] ape covoTpucted witny e woe ofiyveveos 0 < 6 < 180 avd
ope domhoded wPry. 8(g, 8) . It cav Be nepceed ooy Pry. 8(8) ot tne opmhtudes ape apled @op
7 = 0.25 avd 0.50 avd otofke gop 7 = 0.75 avd 0.95 Tnat g UEVTIOVED eaphlep v TNC oecTiov. Thug, 1T ig
ceacovafhe to oo ppou Pry. 8(g, 8) tnat tne oftouved colutiov t¢ apled Niynhd at 7 = 0.25040vY TNE ahuES
0@ TNe ppactiovak napauetep, voueAd0.25, 0.50, 075 avd 0.95. Iv opdep 10 EVOUPE TNE EPPECTS 0P PEOCTIOVOA
nopapetep ov NAEM e&tpocted cohvtiove, e 3A ypanng ape covotpucted ¢op|Q1(x,y =1,t;7,0 =45) | wv
medt mhave witn geactiovoltdr = 0.25, 0.5, 0.75, 1 avd ape mictuped Pry. 9(o-8) , peonectierd. 2A
AVE TAOTC OlpE GACO COVOTRUCTED TO TPECEVT TNE aploBthTyd 0p TNE coluTov TpesevTed tnpouyn Puy. 9(a-d)
ohovy tez-adig ot ¢t = 2, oavd ahovy tne t-alic at ¢ = 1 avd ape e&noced v Pury. 9(e, @), peonecuehd. Iv
oUCT CUOES, TNE WEVTICHA nevopeva nae Beev ofioeped ag tnat op e YKM attouved colutiove. Howeep, tne
poduiue mhot o tne NAEM ofitouved cohutiov,|Qr(z,y = 1,67, 0) | penpecevic o teptodlc coMTOV.

Iv o owhap wad 10 onow e epgectievecs 0@ e ofAyve wae Tapopetep ov e NAEM attouved colutiov,
e 3A ypanng 0¢|Q1(x,y = 1,t;7 = 0.75,0) | ape mpenaped v e T mhave LYBEP TNE wae oPAiyuevess ol =
15, 30, 45, 75,105, 120, 135avb 165, peomeqtieh], XEETUVY TNE OTNER PEEE MUPUUETERS PEUOLY PLEED, WNICY dpE
wdicated v Pry. 10(o-m) . Tre 3A yponne onow Y-onumed neplodic cohtove. Tne vouPepc o T-onomed
TEPLOBLE WOE UPE DECPEAOLYY WLTY TNE WWCPENTE 0@ wae of3htyveveoch = 15, 30, 45, avd 75 witnv0 < 6 < 90, og
Wuotpated v @uy. 10(a-8) , peonectiel), wnepeos TN vuuPeps op T-onamned TEPLOBLC WOE UpPE VCPEACIVY
LT TNE VSRENOE 0@ TNE woe ofhtyveveoch = 105, 120, 135 avd 165 witnvI0 < 6 < 180, ac enoced v Puy.
10(e-7m),peonectierd. Trne 2A cpoog oectiovah hive mhotg 09|Q1(x,y = 1,t;7 = 0.75,0) | chovy tnez-o€ic ot
t =2, avd ohovy e t-olic at ¢ = 1 ope npecevted v Pryg. 10(v) avd 10(9), peorectierd, To onow tne
vupPepc 0@ afoe T-onaned teplodlc woe PBenotops. Mopeoep, Pryc. 9 avd 10 onow Tne WEVTICUA TNEVOUEVA O
nat o@ e YKM ofitouved cohutiove. Howeep, tne NAEM ofitouved cohutiov|Q1 (z,y = 1,¢;7,0) | penpeoevic o
T-onoaned neptodic wae cOMTOV. IT 1 GUYYESTIE TNUT TNE PECUATE TEECEVTED v TNIC AP TICAE WOUAD Be e€tpeuehd
NEATQUL Qop avohplvy TNE VOTURE 0@ TNE TAUVE WOE TNEVOUEVA LV VOVAIVEOR OTTICOA QUBEQ COMUUVICOTIOV
oo TEUS, VD TEAECOUHUVICUTIOV EVYIVEEQIVY.

5. ALOQUOGCLOV AVO COVGAUBLYVY PEUAPAS

Ac pevtioved edphep v TNE ATERUTUPE GECTIOV TNOT COUE PECENPCNERS NoE pEToPTEd PBolynT, Bopx, olvyLAdp
oohitov solutiove 1o e KMN eyvatiov tnpouyn Siepoe puetnode [19, 20, 33-39]. dvoeyuevtid, tne peceopeneps
mcxed un ovid tne Beiymt, Sapx, ovyuvldp colltov colutiove To av tvteyep opdep KMN eyuvatiov witnout
covadepvy offAyveveos. Howeep, v Tnig apTiche, we noe e€nhoped coue vew tdhmeg og Berynt, dopx, T-onaned
TEELOBLE, AVE GLVYUANP ONOTES GOMTOV GOAUTIOVE WLTT) BLYPPEPEVT OUTALTUBES TO av vTEYER avd ppactiovol KMN
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eyvatiov covoldeplvy woe ofAyveveog ot tne YKM avd NAEM. Trne eunioded petnode akoo noe e€tpugted
OOUE VEW OPBAYUE WOE GOMTOVE TO Tne oTudled eyvatiov. It nug Beev BelovoTEATED TNUT TNE WUE TEOPIAE 1§
cNavYed wiLtn TNe cnavyvy o offkiyveveos avd gpactiovakitd. Tre 3A ypoamncoh thhuo tpatiove avd 2A ¢poog
OECTIOVOA YRATNICS (QPOP DLPPEPEVT AAUEC O UPLOUC TOQOUETEQPS OPE PETPECEVTED TO LUVOEPCTUVD TNE EPPECTS
0 TNE CNAVYLVY OAUEC O TNE TOPAUUETERPS OEP TNE GOAUTIOVS. Iv coumapioov witn e attawved colutiove [19,
20, 33-39], o e Pect 0p auTnopo’ xvowhedye, TNE yevepated Porynt, dopx, T-onaned neplodic, avd otvyulop
COMTOV WUE GOANUTIOVG OPE VEW LV COVQPOpUABAE Beplatie avd OBAYUEVESS GEVOESC, WNICY OPE VOT PEMOPTED LV
npelouoh TUBAOMES apTiches. It ¢ pepapxaBhe TO TMEPCELE TNAT LOCT 0@ TNE WVECTLYUTED GONUTIOVS LV TNIC
OPTICAE MOE DLEPOE CTPUCTUPES OEP TNE COAUTIOVS OUAIBAE LV TNE ATEPUTURE LV TNE WUE TTPOTIOYATLOV OB VEAY
avd tne e€equTed PeTNOBC dpe CoumAETEA) VEW Qop Tne oTuded exvatiov. Trnepepope, Tne agyULEED omTICah
coAUTIOVE Uad) LAAUUIVATE TNE PECENRCNERS POP PUETNER OTUBLEG TO EETAOLY TEAYUATIC TNEVOUEVA 0P TNE WOIE
annEOACTVY OBAYUEVESE LV TNE QLEND 0@ Pif3ep OTTICE avd OTTICUA coppuvicatiove. T wopx mpoldeg edevee
ot e YKM avd NAEM ope cuitoaffe @op acyutptyy VEW OTTISOA GoMTOY Qeatupes tv ov tndoicol odotep
WLTN) 0p WITNOUT PEOCTIOVOA avd OfBALYUEVECS COVBLTIOVC.

OUTALLVCE WLTT ETMCAN T TAVIAEDS
OvVYAcT 0@ wiepeoT: Tne autnops dechape TNUT TNEY NAE VO COVOALCT 0@ LVTEPECT.
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Figures caption

Figure 1. 3D plots of the solution Q1 (z,y = 1,t), obtained by the gKM: (a) real part, (b) imaginary part,
(¢) modulus, and (d)-(f): the cross sectional 2D line plots of (a)-(c) at ¢ = 0, respectively, for the particular
choice of the free parametersp =1, ¢q=1, h;1 =2, ho =1,11 =1,ls =2, d=1, a = 3.5, by =1 andfy = 0.

Figure 2. 3D plots of the solution Qs(z,y = 1,t), obtained by the gKM: (a) real part, (b) imaginary part,
(¢) modulus, and (d)-(f): the cross sectional 2D line plots of (a)-(c) at t = 0, respectively, with p =1, ¢ = 1,
h1=2, hzzl,llzl, 12:2,d:1,a:3.5, blzlandGO:O.
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Figure 3 . 3D plots of the solution Q1 (z,y = 1,t), obtained by the NAEM: (a) real part, (b) imaginary
part, (¢) modulus, and (d)-(f): the cross sectional 2D line plots of (a)-(c) at t = 0, respectively, with o = 1,
ﬁ:l,a:l,p:l,q:l, h1=2, hgzl, l1:1,l2:2, and@oz().

Figure 4 . 3D plots of the solution Q5(x,y = 1,t), obtained by the NAEM: (a) real part, (b) imaginary
part, (¢) modulus, and (d)-(f): the cross sectional 2D line plots of (a)-(c) at t = 0, respectively, with a = 1,
ﬁ:?),O':Lp:l,q:L h1:2, h2:1, l1:1,12=2, and90:0.

Figure 5. 3D plots of the solution Q7(z,y = 1,t), obtained by the NAEM: (a) real part, (b) imaginary
part, (¢) modulus, and (d)-(f): the cross sectional 2D line plots of (a)-(c) at t = 0, respectively, with 7Ta: = 1,
513,0':1,]7:1,(]:1, h1:2, hgil, l1:1,12:2, and@O:O.

Figure 6. Effects of the fractional parameter on|Qi(x,y =1,t;7,0 = 45) |, obtained by the gKM: (a)-
(d) with 7 = 0.25, 0.50, 0.75, 1, respectively, for the particular choice of the free parametersp = 1,
g=1,0=45,d=1,k=1,a=35,b; =1 and 0y = 0, and the cross sectional 2D line plots of (a)-(d): (e)
variation of the surface profile along x-axis at ¢ = 2 and (f) variation of the surface profile along t-axis at
=1

Figure 7. Effects of wave obliqueness on|Qq(z,y = 1,¢;7 = 0.75,0) |, obtained by the gKM: (a)-(h) off =
15, 30, 45, 75,105, 120, 135, 165, respectively, with p=1,¢=1,7=0.75d=1,k=1,a=3.5,b; =1,
andfy = 0, and the cross sectional 2D line plots of (a)-(h): (i) variation of the surface profile along x-axis at
t =2 and (j) variation of the surface profile along t-axis at « = 1.

Figure 8 . Effects of wave obliqueness on|Q1(z = 1,y = 1,¢; 7 = 0.75, 0)|, obtained by the gKM: (a) 3D plot
and (b) variation of the surface profile alongt-axis with respect to different oblique wave directions. Effects of
the fractional parameter on the solution|@(z = 1,y = 1,t = 2; 7, 0)|, obtained by the gKM: (c) 3D plot and
(d) variation of the surface profile along oblique wave direction with respect to different fractional values.

Figure 9 . Effects of the fractional parameter on|Qq(x,y = 1,%; 7,0 = 45)|, obtained by the NAEM: (a)-(d)
of 7=0.25, 0.5, 0.75, 1, respectively, for the particular choice of the free parameters a =1, =1, 0 =1,
p=1,qg=1, k=1, 6 =45and 6y = 0, and the cross sectional 2D line plots of (a)-(d): (e) variation of the
surface profile along z-axis at ¢t = 2 and (f) variation of the surface along t-axis at = = 1.

Figure 10 . Effects of wave obliqueness on|Qq(z,y = 1,t;7 = 0.75,0)|, obtained by the NAEM: (a)-(h)
ofd = 15, 30, 45, 75,105, 120, 135, 165, respectively, with a =1, =1, 0 =1p=1,q=1, k=1, 7=
0.75 and 6y = 0, and the cross sectional 2D line plots of (a)-(h): (i) variation of the surface profile along
x-axis at t = 2 and (j) variation of the surface profile along t-axis at = = 1.
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